Concr et e expressi ons of circl es on Bl umcycl i des

Lemma

Aparanet er expressionof acircle

X1 X0+ (2r (UL+V1t)) / ((UL+V1t)?+ (U2+V2t)%+ (U3+V31)?)
y:iy0+ (2r (U2+V2t)) / ((UL+VL1t)?+ (U2+V2t)2%+ (U3+V31)?)
z:20+ (21 (U3+V3t)) / ((UL+V1t)2+ (U2+V21)%+ (U3 +V31t)?)

containediny-y0=a (x-x0) +b (z-20)
withcenter (x0+W, y0+W2, z0+W8) and

radius VWLA2 + W22+ WBA2 . Wefinda, b, W, W2, WB.

n= Sinplify[Cancel [((UL+V1t)?+ (U2+V2t)%+ (U3+V31t)?)
((2r (UL+VLt)) / ((UL+VLt)2+ (U2+V21)%+ (UB+V31t)?) -WL) 2+
(2r (+V2t)) / ((UL+VLt)Z+ (U2+V21)%+ (U3+V31)?) -W2) "2+
(2r (UB+V3t)) / ((UL+VLt)%+ (U2+V21)%+ (U3+V31t)?) -WB)"2-
W2 -ven2 -wBr2)]]
ou= -4r (-r +ULWL +t VIWL +U2W2 +t V2W2 + U3 WB +t V3 WB)

nep= Solve[{V2-aV1l-bV3==0, U2-aUl-bU3 =0}, {a, b}]
-U3Vv2 +WU2V3 U2 v1 - Ul V2
(o e
U3 vi-uUlv3 -U3Vv1i+ULV3

Out[2]=

o= Sol ve[{VIWL +V2 W2 + V3 VB == 0, ULWL + U2 W2 + LB VB -1 == 0,
_u3v2+u2v3)v\1_(_ U2 V1 - U1 V2
U3 V1 -U1V3 ~U3 V1 + U1 V3
= {{WL > (r (-U2V1V2+ULV2®-U3VIV3+ULV3?)) /(U2? V1 + U3* V1% -2 UL U2 V1 V2 +
U1? V22 + U3? V2% - 2 UL U3 V1 V3 - 2 U2 U3 V2 V3 + U1? V3% + U2? V3?),
W2 - (r (U2VIZ -ULVIV2-U3V2V3+U2V3%)) /(2% V1% +U3? VI® -2 UL U2 V1 V2 +
U1? V22 + U3? V2% - 2 UL U3 V1 V3 - 2 U2 U3 V2 V3 + U1? V3% + U2® V3?),
VB > (r (U3V1%+U3V2? -ULVIV3-U2V2V3)) / (U2%V1%+U3? VI® -2 UL U2 V1 V2 +
U1? V22 + U3 V22 -2 UL U3 V1 V3 - 2 U2 U3 V2 V3 + U1? V3% + U2? V3?) } }

Ve - (_ )V\B o}, (v, v, vay]

Out[.

w

Therefore W2 + W A2 + VB2 s

4= Si rrplify[
(-r (U2V1V2-ULV22+U3V1V3-ULV3?) /(U2 V1% +U3? V1% -2 UL U2 V1 V2 + U1? V27 +
U3% V2% -2 UL U3 V1 V3 -2 U2 U3V2V3+UL? V3% + U122 V3?) ) 12 +
(-r (-U2V1%+U1VIV2+U3V2V3-U2V3?%) /(W22 V1% +U3* V1 -2 UL L2 V1 V2 +
U1% V22 +U3% V22 -2 UL U3 V1 V3 - 2 U2 U3 V2 V3 + UL? V3% + U2 V3?) ) " 2 +
(-r (U3 V1% -U3 V22 +ULVIV3+U2V2V3) / (U2% V1% +U32V1? -2 UL U2 V1 V2 +
UL? V2% + U3 V22 - 2 UL U3 V1 V3 - 2 U2 U3 V2 V3 + U1% V3% + U2% V3?) ) 7 2]

ou= (r? (V12 +v2% +va?)) /
(U% (V1% +V2%) 2 UL U3 VIV3-2U2V2 (ULVL+U3V3) +U2% (V1% +V3?) + UL? (V27 +V3?))

Proposition (circlesonaBlumsurface)
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Let (x0, y0, z0) be any poi nt on aBl umcyclide

{(X"2+yn"2+272)"2-2ax"2-2by”r2-2¢cz"2+d"2 =0}. Here

we suppose a>c>d >0, -b>d.
Weé consi der theinversionat (x0, y0, z0) as

follows (x1, yl1, z1arenewvari abl es) :

infs= S erIify[CanceI[
(XIN2 +y1lN24+217M2) N2 ((XN2+yN2+272)"N2-2axr2-2by”r2-2¢cz"2+d"2) -
16 ((AXO0x1+ByOyl+C0z0z1) (x1"2+yl1l”r2+21"2) +
Ax1M"2+Byl"2+C0z1M2+ (XOx1+y0yl+z0z1+1)"2) /.

{x >X0+2x1/ (X17"2+y17r2+2172), y»>y0+2yl/ (X172 +ylnh24+2172),
z-5>20+22z1/ (xX1"2+y1r2+2172), A> (x0"2+y0"2+20"2-2a) /2,
B- (x0"2+y0"2+2z0"2-b) /2, CO - (x0"2+y0”2+20"2-C) /2,
d—>«/(2ax0’\2+2by0’\2+2020’\2-(xO’\2+y0’\2+20’\2)"2)}]]

ousl= 0

Ther ef or e Bl umequat i on

(XN2+yN24+272)N2-2ax"2-2by"r2-2cz"2+d"2=0

reducesto

(Ax0Ox1+ByOyl1+C0z0z1) (x1"2+y172+2z172) +Ax1"2+Byl172+C0z1"2+
(xO0x1+y0yl+z0z1+1)~2 =0under theinversionat (x0, y0, z0).

W i npose an adi tional condition
Ax0x1+By0Oyl+C0z0zl+k=0withaparaneter k, and weelimnatezl:

ne;= Col | ect [CON22z072
(-k X172 +y172+2172) + Ax17"2+Byl*"2+C0z1"2+ (XxOx1+y0yl+z0z1+1)"2) /.
{z1 > - (Ax0x1+By0Oyl+k)/ (COz0)}, {x1, yl}, Sinplify]

oute- C0%20% + QO k (k -220%) +k? (-k +20%) +2 (C0 -k) yOyl (C0z0? +B (k -z0%)) +
x1% (ACD (C0 -2 x0%) z0% + C0? -k +x0%) z0? + A* x0® (C0 -k +z0%)) +
y1? (BCO (C0D-2y0?%) z0? + CO® (-k +y0%) z0? + B y0® (Q0 -k +20%)) +
x1 (2 (00 -k) x0 (C0z0%+A (k -20%)) +
2x0y0yl (Q0 (-B+Q0) z0* +A (-C0z0% +B (C0 -k +20%))))
The coefficient of x172: A2
n7= Siomplify[ACD (CO-2x0%) z0% + Q0% (-k +x0?) z0? + A> x0% (CO - k +20?) -
(C0"22072 (A-k) + A*2Xx0"2 (CD-k) +2072x0"2 (C0-A)"2)]
Out[7]= 0
A2: Q0722072 (A-k) + AN2x0"2 (CO-k) +20"2Xx0"2 (C0 - A) "2
The coefficient of x1yl: B2
ne= Sinplify[2x0y0 (CO (-B+Q0) z0%+A (-C020% +B (0 -k +20%))) -
(2AB (CO-k) X0y0 +2 (C0 - A) (C0-B) x0y02z0"2)]
Out[8]= 0
B2: 2AB (CD-k) x0y0+2 (CO-A) (C0-B) x0y02z0"2
The coefficient of yl17r2: C2
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nep= Simpl i fy[BQO (CO-2y0%) z0% + Q0% (-k +y0?) z0? + B> y0® (CO -k +20%) -
(C0"22072 (B-k) +BA2y0"2 (Q0-Kk) +2072y0"2 (CO-B)"2)]

Out[9]= 0
C2: CO~r2z0"2 (B-k) +B*2y0”2 (CO-k) +z072y0"2 (CO-B)"2
The coefficient of x1: D2

nop= Sinplify|

2 (C0-k) x0 (C0z0? +A (k-20%)) - (2 (0 -k) k AXO+2 (Q0-A) (Q0-k) x02z0"2)]
outrio)= 0

D2: 2 (C0-k) k Ax0+2 (C0-A) (CO-k) x02z0"2

The coefficient of yl: E2
in11:= Si rT'pIify[

2 (00 -k) y0 (C0z0%+B (k -2z0%)) - (2 (00 -k) kBy0+2 (CO-B) (C0-k)y0z0"2)]
ou11)= 0

E2: 2 (C0-k) kBy0+2 (CO-B) (Q0-k)y0z0”r2

The constant term: F2
niz= Sionplify[C0%z0% + QO k (k -220%) +k? (-k +20%) - ((Q0-k) k"2 + (C0-k)"220"2)]
ourz)= 0

F2: (CO-k) k"2+ (00 -k)"22z0"2

Therefore for thesplittingof A2x172+B2x1yl +C2yl172+D2x1+E2yl+
F2intotwo first order pol ynom als, we consi der thediscrimnnant inx1of
A2 x1"2+B2x1yl +C2y172+D2x1+E2yl+F2 =

A2 x172+ (B2yl+D2) x1 +C2yl17"2+E2yl+F2

nazp= Col lect [(B2yl+D2)72-4A2 (QRy172+E2y1l+F2), y1]
oups- D2° -4 A2F2+ (2B2D2 -4 A2 E2) y1+ (B2? -4 A2 C2) y1?

Hence for thesplitting, kmnust satisfiesthevanishingof thediscrimnant
of the above quadratic polynonial inyl, andthe positivityof B2?2-4A2C2.
As for thevani shingof thediscrimnant inyl:

npap= Sinmplify[(B2D2-2A2E2)"2- (B2"2-4 A2 C2) (D272 -4 A2 F2)]

oufia- 4 A2 (-B2 D2 E2 + A2 E22 +B2°F2+ Q2 ([2274A2F2))

Hence we i npose - B2 D2 E2 + A2 E2% + B2* F2 + C2 (D2° -4 A2 F2) =0onk:

npsp= Siomplify[-B2 D2 E2 + A2 E2° + B2° F2 + C2 (D2° -4 A2 F2) /.
{A2 -> Q0"22072 (A-Kk) + A*2x0"2 (CO-k) +z072x0"2 (Q0 - A) "2,
B2 ->2AB (CO-k) xOy0+2 (CO-A) (CO-B) x0y0z0"2,
C2 -> 0"22z072 (B-k) +B~r2y0”r2 (0 -k) +z072y0”2 (CO-B)~2,
D2 ->2 (0 -k) kAx0+2 (C0-A) (0 -k) x0z072, E2 ->
2 (C0-k) kBy0+2 (00 -B) (C0-k)y0z0"2, F2 -> (C0-k) k"2 + (C0-k)"220"2}]

ous- 4 Q0* (A-k) (C0-k) (-B+k) z0* (k% + AX0? + By0® + 00 z0% - k (x0% +y0® +207))
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In[16]:=

out[16]=

In[17]:=

Out[17]=

In[18]:=

out[18]=

In[19]:=

out[19]=

In[20]:=

Out[20]=

The |l ast factor i sequal to
1 1
(k+5 (—d—x02—y02—202)) [k+5 (d—x02—y02—202)]

because

Si npl i fy[(xO’\Z +y0"2+2z07r2)"2-d"2-4 (Ax0"2+By0”~2+C0z0"2) /.
{A-> (Xx0"2 +y0"2 +2z0"2-a) /2,
B- (x0"2+y0”2+20"2-b) /2, C0O-» (x0"2+y0"r2+2072-C) /2,
d-+/(2ax0"2+2by0"2+2cz0"2- (xO"2+yO"2+zO"2)"2)}]

0

Thus k shoul d be ei t her one of A, B, C0,
(X0"2 +y0”"2+2072-d) /2, (x0"2+y0"2+20"2+d) /2

Further concerningthepositivityof B2"2 -4 A2 C2, for eachk we havethefoll ow ng:
Casek =A= (x0"2+y0"2+2z0"2-a) /2

Sinmplify[
(B2r2-4A2C2 /. {A2 ->C0"220"2 (A-K) + A2 x0"2 (C0-Kk) +z0"2x0"2 (CO-A)"2,
B2 ->2AB (G0 -k) xO0y0+2 (CO-A) (CO-B) x0y0z0"2,
C2 ->Co"22z0"2 (B-k) +Br"2y0”2 (CO-k) +z072y0"2 (CO-B)"2}) /. {k > A}]

-4 (A-B) (A-(Q0) C0%x0%z0” (A2 +By0? + C0 z0% - A (y0? + z0?))
Sinplify[A*+By0®+C02z0? - A (y0? +20?) /. {A> (X0"2+y0"2+2z072-a) /2,
B-> (x072+y0"2+207"2-b) /2, CO -> (X0"2+y0"2+2072-c) /2}]
1
7 (a? -2ax0%+x0*-2by0%+y0*-2c¢ z0%+2y0? z0? + z0* + 2 x0? (y0? +20%))
Thisisequal to ((x0"2+y0"2+20"2)"2-2ax0"2-2by0"r2-2cz0"2+a"2) /4=
(a”2-d"2) /4
Hencethel ast factoris (a®"2-d”2) /4. Therefore
(a-b) (c-a) (a+d) (a-d) >0
Casek =B = (X072 +y0”2+2z0°"2-b) /2

Simplify[
(B2r2-4A2C2 /. {A2 ->C0"22z0"2 (A-Kk) + A2 x0"2 (C0-k) +z0"2x0"2 (CO-A)"2,
B2 ->2AB (CO-k) x0y0+2 (CO-A) (CO-B) x0y0z0"2,
C2 ->00"22z0"2 (B-k) +B"2y0"2 (CO-k) +z0"2y0"2 (CO-B)"2}) /. {k > B}]

4 (A-B) (B-0Q0) 00 y0? z0? (B? + AX0® + C0 z0® - B (x0% + 207) )
Sinpl i fy[B*+Ax0%+C0z0? - B (x0%+20%) /. {A> (X0"2+y0"2+2072-a) /2,
B-> (x0"2+y0”"2+20"2-b) /2, O -> (x0"2+y0"2+20"2-C) /2}]

1
7 (b? -2 ax0% + x0% - 2 b y0? + 2 x0? y0? + y0* - 2 ¢ 0% + 2 x0% 20® + 2 y0? z0? + z0*)
Thisisequal to (b"2-d”"2) /4. Therefore

(a-b) (b-c) (b+d) (b-d) >0

Casek = Q0 = (X072 +y0”2 42072 -¢) /2
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n1= Simplify[
(B2"2-4A2C2 /. {A2 ->C0"220"2 (A-Kk) +A"2Xx0"2 (C0-k) +z0"2x0"2 (CO-A)"2,

B2 ->2AB (00 -k) x0y0 +2 (CO-A) (C0-B) x0y0z0"2,
C2 -> 00722072 (B-k) +BA2y0”2 (C0 -k) +z072y0”2 (00 -B)~2}) /. {k » C0}]

ouz= 4 (A-Q0) Q0% (-B+Q0) <C02+AX02+BVOZ*GJ <X02+y02)) 20"

nz1= Siompl i fy [C0% + Ax0? + By0? - CD (x0% +y0?) /. {A> (x0"2+y0"2+20"2-a) /2,
B-> (x0"2+y0"2+2072-b) /2, 0 -> (x0"2+y0"2+20"2-c) /2}]

1
7 (c? -2ax0%+x0*-2by0%+2x0%y0? +y0* -2 ¢ z0? + 2 x0% 20% + 2 y0? z0? + 20*)

out[22]=
Thisisequal to (c"2-d”2) /4. Therefore
(a-c) (b-c) (c+d) (d-c) >0

Casek = (x0"2+y0"2+20"2-d) /2

nza= Simplify|
((B2"2-4A2C2) - (CO"22z0"2 (d-a) (d-b) (d-c) (x0O"2+y0"2+2072+d)"2/8) /.
{A2 -> C0"22z0"2 (A-k) + Ar2x0"2 (C0 -k) +z0"2x0"2 (CO0-A)"2,
B2 ->2AB (C0O-k) x0y0+2 (CO-A) (CO-B) x0y0z0"2,
c2 ->00"22072 (B-k) +Br2y0”2 (A0 -k) +z0"2y0”2 (CO-B)"2}) /.
{k » (x0"2+y0”r2+2072-d) /2, A» (x0"2+y0"2+2072-2a) /2,
B-> (x0"2+y0"2+2z0"2-b) /2, Q0 -> (xX0O"2+y0"2+20"2-cC) /2} /.
d—>\/(2ax0"2+2by0"2+2020"2-(xO"2+y0"2+zO"2)"2)]

out23= 0

Therefore
(d-a) (d-b) (d-c) >0

Casek = (x0"2+y0"2+2z0"2+d) /2

inaj= Si r‘rplify[
((B2"2-4A2C2) - (-CO"22z072 (d+a) (d+b) (d+c) (x0"2+y0”2+2072-d)"2/8) /.
{A2 -> C0"22z0"2 (A-Kk) + A*2x0"2 (CO-k) +z0"2x0"2 (CO-A)"2,
B2 ->2AB (CO-k) x0y0+2 (CO-A) (CO-B) x0y0z0"2,
C2 ->C0"22z0"2 (B-k) +B*2y0”2 (CO-k) +z0"2y0"2 (CO-B)"2}) /.
{k > (x0"2 +y0"2+2z0"2+d) /2, A-» (x0O"2+y0"2+20"2-2a) /2,
B-> (x0"2+y072+2z072-b) /2, A -> (x0"2+y0”2+2072-cC) /2} /.
d—>«/(2ax0"2+2by0"2+20zO"2—(xO"2+yO"2+zO"2)"2)]

out4= 0

Ther ef ore

-(d+a) (d+b) (d+c) >0

Hence, only k = (x0"2+y0"2+20"2-c) /2, (x0"2+y0"2+2z072-d) /2,
(x0"2 +y0"2+2z0"2+d) /2givethepositivesignatures.

Casel. k=C0= (x0"2+y0"2+20"2-Cc) /2

Sol ve t he syst emof equati ons

withrespect toyl, z1:
-k (x172+y17r2+2172) +AX17"2+Byl"r2+C02z172+ (xOXx1+y0Oyl+2z0z1+1)"2 ==0,

Ax0x1+ByOyl+C0z0z1+k ==0.
Settingv1=\/(a—c) (c-b) (c*-d?) , weshowthat thefollowi ngisthesolution:
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yl-> (2 (a-c) (-b+c) x0y0-vl (-c+x0?+y0®+20%) )
x1/((c-b) (c?-d?+2 (a-c) x0?)), z1-> ((c-b) (d*2-c?+2 (c-a)x0?) +
((b-c)x0 ((a-c) (x0"2+y0"2-20"2) +ac-d"2) +v1y0 (x0? +y0? +z0%-b))

x1)/ ((c-b)z0 (c®-d?+2 (a-c) x0?))

nzsp= Simplify[(AxOx1+ByOyl+C0z0z1+k /.
(A (X0N2 +y0724+2072-a) /2, B-> (x0A2+y0r2 42072 -b) /2,
C0 -> (X072 +y0"24+2072-c) /2, k -> (X022 +y0~2+2072-¢) /2}) /.

{yl1->(2(a-c) (-b+c) x0y0-vl (-c+x0%+y0®+20%))
x1/((c-b) (c?-d?+2 (a-c) x0?)), z1-> ((c-b) (d*2-c?+2 (c-a)x0?) +
((b-c)x0 ((a-c) (x0"2+y0"2-20"2) +ac-d 2) +
v1y0 (x0? +y0? +z0%-b)) x1) /((c-b)z0 (c?-d*+2 (a-c) x0%))} /.
{d>+/(2ax072+2by0"24+2c 2072 - (X072 +y0r2+2072)72)}]

outzsl= 0

nzel= Si npl i fy[
(-k X172 +y172+2172) + Ax1"2+Byl7"2+C0z1"2+ (xOx1+y0yl+z0z1+1)"2 /.

{A> (X0"2+y0”"24+207°2-a) /2, B-> (X072 +y0”"24+2072-b) /2,
Q0 -> (X072 +y072+2072-c) /2, k => (X072 +y072+2072-c) /2}) /.

{yl1-> (2 (a-c) (-b+c) x0y0-vl (-c +x0%+y0? +207) )
x1/ ((c-b) (c*-d*+2 (a-c) x0%)),
z1-> ((c-b) (d"2-c*+2(c-a)x0%)+ ((b-c)x0 ((a-c)
(X072 +y072-2072) +ac-d"2) +v1ly0 (x0? +y0* +z0?-b)) x1) /
((c-b)z0 (c?-d*+2 (a-c) x0%))} /. {vl —>\/(a—c) (c-b) (c*-d?) }/.

{d->+/(2ax0"2+2by0"2+2cz0"2- (x0"2 +y0"2+zO"2)"2)}]

outzel= 0

The ori gi nal coordi nate (x, y, z) of thepoint (x1, y1, z1)is

X

neri= Simplify[x0+2x1/ (X172+y172+2172) /.
{yl1- (2 (a-c) (-b+c) x0y0-vl (-c +x0? +y0® +207%) )
x1/ ((c-b) (c*-d*+2 (a-c) x0%)), z1 > ((c-b) (d*2-c?+2 (c-a) x0?) +
((b-c)x0 ((a-c) (x0"2+y0"2-2z0"2) +ac-d"2) +
v1y0 (x0% +y0? +2z0%-b)) x1) /((c-b) z0 (c*-d*+2 (a-c) x0%))}]

ouz7= X0 + (2 xl)/ <x12+ (xl2 (-2 (a-c) (-b+c) x0y0+vl (7c+x02+y02+202))2)/

((bfc)2 (c?-d?+2 (a-c) x02)2) +
((—b+C) <—Cz+d2+2 (-a+cC) X02> +x1 (vlyO (—b+x02+y02+202) +
(b-c)x0 (ac-d?+ (a-c) (x0%+y0?-20%))))° /

((bfc)2 (c?-d?+2 (a-c) x02)2202))
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gl Si np|ify[

(2x1)/ (x12+ (xl2 (-2 (a-c) (-b+c) x0y0+vl (-c +x02+y02+202))2)/ ((b—c)2
(c?-d*+2 (a-c) x02)2) +((-b+c) (-c®?+d*+2 (-a+c) x0?) +x1 (v1yO (-b+

x0? +y0%+20?) + (b-c) x0 (ac-d*+ (a-c) (x02+y02-202))))2/

((b—c)2 (c2-d?+2 (a-c) on)ZZoz)) -2B12202x1/

(B1%2z0% (x1)%+B2%20% (x1)®+ (Bl +B3x1)?) /.
{BL-> (b-c) (c®-d*+2 (a-c) x0%),
B2 ->2 (a-c) (-b+c) x0y0-vl (-c+x0%+y0? +20?),
B3 ->v1y0 (-b+x0%+y0?+2z0%) + (b-c) x0 (ac-d*+ (a-c) (x02+y02—202))}]

outizgl= 0

y:
neoy= Simplify[y0+2yl/ (x172+y172+2172) /.
{yl1- (2 (a-c) (-b+c) x0y0-vl (-c +x0?+y0?+20?%) )
x1/ ((c-b) (c*-d*+2 (a-c) x0%)), z1 > ((c-b) (d"2-c?+2 (c-a) x0?) +
((b-c)x0 ((a-c) (x0"2+y0"2-2z0"2) +ac-d"2) +
v1y0 (x0% +y0? +2z0%-b)) x1) /((c-b) z0 (c®-d*+2 (a-c) x0%))}]
oupe- YO+ (2x1 (2 (a-c¢) (-b+c) x0y0 -Vl (—C+X02+y02+202>>>/
((—b+c) (cz—d2+2 (a—c)xoz)
(x12+ (x12 (-2 (a-c) (-b+c) x0y0+vl (-C+x02+y02+z02))2)/
((bfc)2 (c®-d*+2 (afc)x02)2)+
((-b+c) (-c?+d?+2 (-a+c) x0%) +x1 (v1yO (-b+x0?+y0?+20%) +
(b-c)x0 (ac-d?+ (a-c) (x0?+y0?-2z0?))))* /

((bfc)2 (c2-d?+2 (a-c) x02)2z02)))
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nzop= Sionpl i fy[(2xl (2 (a-c) (-b+c) x0y0-v1 (-c +x02+y02+202)))/
((—b+c) (c?-d*+2 (a-c) x0?)
(x12+ (xl2 (-2 (a-c) (-b+c) x0y0+vl (-c +x02+y02+202))2)/
((b—c)2 (c?-d*+2 (a-c) xoz)z) +
((-b+c) (-c?+d®+2 (-a+c) x0%) +x1 (v1y0 (-b+x0%+y0? +20?%) +
(b-c) X0 (ac-d?+ (a-c) (x0%+y0?-20?))))* /
((b-c)2 (c2-d?+2 (a-c) on)zzoz))) - (-2 B1 B2 20?
x1/ (B1? z0% (x1)%+B2? z0% (x1)®+ (B1 +B3x1)?)) /.
{BL -> (b-c) (c?-d*+2 (a-c) x0%),

B2 ->
2 (a-c) (-b+c) x0y0-vl (-c+x0%+y0?+20%),

B3 ->V1y0 (-b+x0%+y0?+20?) + (b-c) X0 (ac-d?+ (a-c) (x0?+y0?-20?))}]
outzo)= 0
z:
nai= Sinplify[z0+221/ (x172+y172+2172) /.
{yl1- (2 (a-c) (-b+c) x0y0-v1l (-c+x0%+y0®+20%))
x1/((c-b) (c?-d?+2 (a-c) x0?)), z1 - ((c-b) (d*2-c?+2 (c-a)x0?) +
((b-c)x0 ((a-c) (x0"2+y0"2-20"2) +ac-d"2) +
v1y0 (x0% +y0? +2z0%-b)) x1) / ((c-b) z0 (c*-d*+2 (a-c) x0%))}]
outzi= 20 + (2 ((—b+C) (—02+d2+2 (-a+cC) X02> +
x1 (v1y0 (-b+x0%+y0%*+20%) + (b-c) x0 (ac-d*+ (a-c) (x02+y02—202)))))/
((7b+c) (c?-d?+2 (a-c) x0%) z0
(x12+ (xl2 (-2 (a-c) (-b+c) x0y0+vl (-c +x02+y02+202))2)/
((b—c)2 (c?-d?+2 (a—c)x02)2)+
((—b+C) (—Cz+d2+2 (-a+cC) X02> +x1 (vlyO (—b+x02+y02+202) +
(b-c)x0 (ac-d?+ (a-c) (x0%+y0?-20%))))° /

((b—c)2 (c?2-d?+2 (a-c) x02)2202)))
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2= Si erIify[
(2 ((-b+c) (-c®+d*+2 (-a+c) x0?) +x1 (v1y0 (-b+x0%+y0®+20%) + (b-c) X0
(ac-d%+ (a-c) (x02+y02-20%))))) / ((-b+c) (c?-d?+2 (a-c) x0?)
z0 (x12+ (xl2 (-2 (a-c) (-b+c) x0y0+v1 (—c+x02+y02+202))2)/
((b—c)2 (cz—d2+2(a-c)x02)2)+
((-b+c) (-c?+d*+2 (-a+c) x0%) +x1 (v1y0 (-b+x0%+y0? +20?%) +
(b-c) X0 (ac-d?+ (a-c) (x0%+y0?-20?))))* /
((b-c)2 (02—d2+2(a—c)xoz)zzoz)))—(—ZBle
(B1+B3x1) / (B1? z0% (x1)% +B2? z0% (x1)®+ (BL +B3x1)?)) /.
{BL -> (b-c) (c®-d*+2 (a-c) x0%),

B2 ->
2 (a-c) (-b+c) x0y0-vl (-c+x0%+y0?+20%),

B3 ->V1y0 (-b+x0%+y0?+20%) + (b-c) X0 (ac-d?+ (a-c) (x0?+y0?-20?))}]

outzzl= 0

Therefore

x: x0+2B1?z0? x1 / (B1? z0? (x1)? + B2% z0? (x1)%+ (Bl + B3 x1)?)

y:y0-2B1B22z0?x1/ (B1?20% (x1)%+B2%20% (x1)®+ (Bl +B3x1)?)

z:20-2B12z0 (Bl +B3x1) / (B1?z0? (x1)? + B2? z0? (x1)? + (BL + B3 x1)?)

wher e

Bl -> (b-c) (c?-d*+2 (a-c) x0?)

B2 ->2 (a-c) (-b+c) x0y0-vl (-c +x0? +y0? + z0?)

B3 ->v1y0 (-b+x0%+y0®+2z0%) + (b-c) x0 (ac-d*+ (a-c) (x0%+y0®-20%))

Hence by setting
r-z0B1, Ul-0, 2-0, U3--Bl, V1-z0B1,
V2 - -z0 B2, V3 - -B3, we can apply Lemm.

Thus tis

3= Si rrplify[
U3 V2 +W2V3
— /. {U1-0, >0, U3 -Bl, V1-2z0Bl, V2o -20B2, v3->-|33}]
U3 V1 - UL V3

B2

Out[33]= —
sis

nzap= Sionpl i fy[
U2 V1 - UL V2
~U3 V1 +ULV3

outiz4l= 0

/. {UL-0, 20, U3->-Bl, V1-2z0B1, V2- -z0B2, V3—>—B3}]
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Consequent |y

B2

Bl

-(2 (a-c) (-b+c) x0y0-v1 (-c+x0%+y0®+20%)) / ((b-c) (c®-d*+2 (a-c) x0?%))

T=t = -

HerezOis
inEsi= Solve[{ (X0"2 +y0”r2 +2z072)"2-2ax07"2-2by0”r2-2¢cz0"2+d"2 ==0}, z0]
out3s]= HZOa—\/(c—x02—y02—\/(02—d2+2ax02—20x02+2by02—20y02>)},

{an\/(c7x027y027\/(c27d2+2ax0272cx02+2by0272cy02))},
{ZO»—\/(C—XOZ—y02+J(CZ—d2+2aX02—2cx02+2by0272cy02))},
{zoe\/(c-xoz-yoh\/(c2-d2+2ax02-2cx02+2by02-2cy02))}}

Hence -c +x0%+y0?+20%is

\/02-d2+2 (a-c)x02+2 (b-c)y0?, —\/cz—d2+2 (a-c) x02+2 (b-c)y0?
The center of thecircleis
X
nzel= Sinplify|
X0+ (r (-U2V1V2+ULV22-U3VL1V3+ULV3?)) / (U2%V1%+U3? V1% -2 UL U2 V1 V2 +

U1? V2% + U3 V22 - 2 UL U3 V1 V3 - 2 U2 U3 V2 V3 + U1% V3% + U22 V3?) /.
{r »z0B1, U150, -0, U3--B1, V1-52z0B1, V2 - -z0B2, V3—>—B3}]

~-B1 B3 + B1% x0 + B22 x0

Out[36]=

B1? + B2?
y .

In37)= Si erIify[
yOo+ (r (U2V1%-ULV1V2-U3V2V3+U2V3%)) / (U22 V1% +U3% V1% - 2 UL U2 V1 V2 + U1? V22 +
U3% V2% -2 UL U3 V1 V3 -2 U2 U3 V2 V3 + UL? V3% + U2% V3?) /.
{r »z0B1, U150, -0, U3--B1, V1-52z0B1, V2 - -z0B2, V3—>—BB}]

B2 B3 + B1%2 y0 + B22 y0

out[37]=

B1% + B2?
Z:
inzel= St npl i fy[
20+ (r (UBV1%+U3V2%-ULVIV3-U2V2V3)) / (U2? V1% +U3% V1% -2 UL U2 V1 V2 + U1% V2% +

U3% V2% -2 UL U3 V1 V3 -2 U2 U3 V2 V3 + U1 V3% + U2% V3?) /.
{r »z0B1, U150, 20, U3~ -B1, V1»2z0Bl, V2 -z0B2, V3 -B3}]

outzs= 0

(Theradius)”2:
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naop= Simplify[(r? (V1% +V2%+V3%)) / (U3% (V1% +V27) -
2ULUBVIV3-2U2V2 (ULVL+U3V3) + 2% (V1% +V3%) + UL® (V2% +V3%)) /.
{r »z0BI1, UL >0, 20, U3-»-Bl, V1>2z0Bl, V2--2z0B2, V3 -B3}]

B3? + (B1% + B2?) z0?

Out[39]=

B1? + B2?
Casek = (x0"2+y0"2+207"2-d) /2
Sol ve t he syst emof equati ons
withrespect toyl, z1:
-k (X112 +yl17r2+2172) + Ax1"2+Byl”*2+C0z1"2+ (XOXx1+y0yl+2z02z1+1)"2 ==0,
Ax0x1+By0Oyl+C0z0z1+k ==0.
Settingv2 =42 (-b+d) (c-d) (a-d)

we showt hat thefollowi ngisthesolution:

yl-> (2 (c-d)y0 (bd-d”2+2 (a-b) x0"2+ (b -d) (x0? +y0? +20%)) +
2x0y0 ((ab-d"2) (c -d) + (a-b) (c-d) x0*-
(a-b) (c-d)y0®+ ((a+h) (c+d) -2 (ab+ cd))z0%) x1-
V220 (X072 +y072+2072-c) ((d +x0? +y0?+20%) x1+2x0)) /
(2 (yo® (d-c) (b*-d?+2x0% (a-b)) +20% (b-d) (d* -c®+2 (c-a) x0?))),
z1- (-220 ((b-d) (d®*-cd- (2a-c-d) x0?+ (d-c) (y0®+z0?)) -
((ac-d"2) (b-d) + (b-d) (a-c) (x0"2-2z0"2) +
(bc-2bd+dc-2ac+ab+ad)y0”2) x0 x1) +
v2y0 (-b+x0?+y0?+20%) (2x0+ (d+x0%+y0%+20%)x1)) /
(2 ((-c+d) (b*-d*+2 (a-b) x0?) y0®+ (b-d) (-c?+d*+2 (-a+c) x0?) z0?%))

neop= Simplify[(AxOx1+By0yl+C0z0z1+k /.
(A= (X072 +y0"2+2072-a) /2, B-> (X0"2+y072+20"2-b) /2,
Q0 -> (X0"2 +y0”"2+2072-¢c) /2, K => (X022 +y0"2+2072-d) /2}) /.
{yl1->(2(c-d)y0 (bd-d"2+2 (a-b) x0"2+ (b -d) (x0%+y0®+20%)) +
2x0y0 ((ab-d~2) (c -d)+(a-b) (c-d)x0°-
(a-b) (c-d)y0?+ ((a+b) (c+d) -2 (ab+ cd))z0?) x1-
v220 (x0"2+y0”2+2072-c) ((d +x0%+y0?+20%) x1+2x0)) /
(2 (yo? (d-c) (b®-d*+2x0% (a-b)) +20% (b-d) (d* -c®+2 (c-a) x0?))),
z1- (-220 ((b-d) (d*-cd- (2a-c-d)x0?+ (d-c) (y0?+z0%)) -
((ac-d"2) (b-d)+ (b-d) (a-c) (x0"2-20"2) +
(bc-2bd+dc-2ac+ab+ad)y0”r2) x0 x1) +
v2y0 (-b+x0?+y0?+20%) (2x0+ (d+x0%+y0?+20%)x1))/
(2 ((-c+d) (b*-d?+2 (a-b) x0%) y0® + (b-d) (-c?+d?+2 (-a+c) x0%) z0?))} /.
{d->+/(2ax0"2+2by0"2+2c 20”2~ (x0"2+y0"2+20"2)"2)}]

outiao}= 0
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- Si erIify[
(-k (xX1"2+y17r2+2172) +Ax1"2+Byl”"2+C0z1"2+ (XOx1+y0Oyl+z0z1+1)"2 /.
{A-> (x0"2+y0"2+2072-a) /2, B-> (x0"2+y0"2+2072-Db) /2,
0 -> (x0"2+y0"r2+2072-c) /2, kK-> (x0"2+y0"2+2072-d) /2}) /.
{yl1->(2(c-d)y0o (bd-d"2+2 (a-b) x0"2+ (b -d) (x0%+y0?+20%)) +
2x0y0 ((ab-d"2) (c -d) + (a-b) (c-d)x0?-
(a-b) (c-d)y0?+ ((a+b) (c+d) -2 (ab+ cd))z0?) x1-
V220 (X072 +y072+2072-c) ((d +x0% +y0? +20%) x1+2x0)) /
(2 (yo? (d-c) (b*-d*+2x0% (a-b)) +2z0% (b-d) (d* -c?+2 (c-a)x0?))),
21> (-220 ((b-d) (d*-cd- (2a-c-d)x0?+ (d-c) (y0*+2z0?)) -
((ac-d"2) (b-d) + (b-d) (a-c) (x0O"2-z0"2) +
(bc-2bd+dc-2ac+ab+ad)y0”2) x0 x1) +

v2y0 (-b+x0?+y0%+20?) (2x0+ (d+x0%+y0?+20%) x1))/
(2 ((-c+d) (b*-d?+2 (a-b) x0?) y0?+ (b-d) (-c*+d?+2 (-a+c) x0?)
20?))} /. {v2-m/2 (-b+d) (c-d) (a-d) }/.
{d—>«/(2ax0’\2+2by0’\2+2020’\2—(xO"2+y0"2+zO"2)"2)}]

outa1j= 0

Weintroduce C1, C2, C3, ¢4, Coas
Cl -> (-c+d) (b?-d*+2 (a-b) x0%) y0?+ (b -d) (-c®+d?+2 (-a+c) x0%) z0?,
C2 -> -v2x020 (-c +x0%+y0%+20?) +

(c-d)y0 (bd-d?+2 (a-b) x0? + (b-d) (x0%+y0?+20?)),
C3 -> -v220 (-¢ +X0? +y0? +20%) (d +x0% +y0? +20?) +

2x0y0 ((c-d) (ab-d?) +(a-b) (c-d)x0%- (a-b) (c-d)y0®+

((a+b) (c+d) -2 (ab+cd)) z0%), C4->v2x0y0 (-b+x0%+y0?+20?) +

(-b+d) z0 (d*-2ax0%-c (d-x0%+y0®+2z0%) +d (x0% +y0? +20?)),
C5 ->Vv2y0 (-b+x0%+y0%+20%) (d+x0? +y0? +2z0%) +2x0 z0

((b-d) (ac-d?)+ (b (c-2d)+cd+a (b-2c+d)) y0®+ (a-c) (b-d) (x0%-207))

Then, theoriginal coordinate (x, y, z) of thepoint (x1, y1, z1)is

X
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nezr= Simplify[x0+2x1/ (X172 +y172+2172) /.
{yl1->(2(c-d)y0 (bd-d*2+2 (a-b)x0"2+ (b -d) (x0%+y0®+20%)) +
2x0y0 ((ab-d~2) (c -d)+(a-b) (c-d)x0?-
(a-b) (c-d)y0®+ ((a+b) (c+d) -2 (ab+ cd))z0?) x1-
v220 (X072 +y072+2072-c) ((d +x0%+y0?+20%) x1+2x0)) /
(2 (yo* (d-c) (b*-d?+2x0% (a-b)) +2z0% (b-d) (d* -c?+2 (c-a)x0?))),
z1- (-220 ((b-d) (d®*-cd- (2a-c-d)x0?+ (d-c) (y0*+z0%)) -
((ac-d*2) (b-d) + (b-d) (a-c) (x0"2-2z072) +
(bc-2bd+dc-2ac+ab+ad)y0”2) x0 x1) +
v2y0 (-b+x0?+y0?+20%) (2x0+ (d+x0%+y0?+20?)x1))/
(2 ((-c+d) (b*-d*+2 (a-b) x0?) y0®+ (b-d) (-c*+d*+2 (-a+c) x0%) z0%))}]

outazl= X0 + (2 Xl)/

x1%+ (2x0x1y0 ((c-d) (ab-d?) + (a-b) (c-d) x0®- (a-b) (c-d) y0®+ ((a+h)
(c+d) -2 (ab+cd)) z0%) +
2 (c-d)yo (bd-d?+2 (a-b) x0%+ (b-d) (x0?+y0?+20%)) -
v220 (-c +x0% +y0%+20%) (2x0+x1 (d+x02+y02+202)))2/
(4 ((-c+d) (b?-d?+2 (a-b) x0?) y0?+ (b-d) (-c2+d®+2 (-a+c) x0?) 202)2) "
(v2y0 (-b+x0%+y0®+20?%) (2x0+x1 (d+x0%+y0®+20%)) -
220 (-x0x1 ((b-d) (ac-d*)+ (bc-2bd+cd+a (b-2c+d))
y0®+ (a-c) (b-d) (x0%-2z0%)) +
(b-d) (d?-2ax0?-c (d-x0%+y0®+20%) +d (x02+y02+202))))2/
(4 ((-c+d) (b?-d®+2 (a-b) x0%) y0?+ (b-d) (-c?+d*+2 (-a+c) x0?) 202)2))
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nuz- Si erIify[
(2x1)/ (x12+(2x0x1y0 ((c-d) (ab-d?) + (a-b) (c-d) x0?- (a-b) (c-d)yo®+
((a+b) (c+d) -2 (ab+cd)) z0?) +
2 (c-d)y0 (bd-d*+2 (a-b) x0%+ (b-d) (x0%+y0?+20?%)) -
v220 (-c +x0% +y0? +20%) (2x0+x1 (d+x02+y02+202)))2/
(4 ((-c+d) (b?-d?+2 (a-b) x0%) yO?+ (b-d) (-c?+d?+2 (-a+c) x0?) 202)2) +
(v2y0 (-b+x0%+y0? +20%) (2x0+x1 (d+x0%+y0?+20%)) -
220 (-x0x1 ((b-d) (ac-d*)+(bc-2bd+cd+a (b-2c+d)) yo®+
(a-c) (b-d) (x0%-20%)) +
(b-d)(d2—2ax02-c(d—x02+y02+202)+d(x02+y02+20ﬂ)))2/
(4 ((-c+d) (b?-d?+2 (a-b) x0?) y0?+ (b-d) (-c?+d?+
2(-a+c)x02)zoﬂ2))_
((8C1%x1) / (4C1% (x1)?+ (2C2+C3x1)%+ (2C4+C5 x1)?)) /.
{Cl -> (-c +d) (b*-d®+2 (a-b) x0%) y0o? +
(b-d) (—Cz+d2+2 (-a+cC) X02) 202,
C2 -> -v2x02z0 (-c +x0? +y0® +20?) +
(c-d)y0 (bd-d?+2 (a-h) x0?+ (b-d) (x0%+y0? +20%)),
C3 ->-v2z0 (—C +x02+y02+202) (d +X02+y02+202) +
2x0y0 ((c-d) (ab-d?)+ (a-b) (c-d)x0®-
(a-b) (c-d)y0o?+ ((a+b) (c+d) -2 (ab+cd)) z0?),
C4 ->v2x0y0 (-b+x0%+y0?+20%) + (-b+d) z0
(d* -2ax0%-c (d-x0%+y0?+20%) +d (x0% +y0% +20%)),
C5 ->v2y0 (—b+x02+y02 +202) (d +x0? +y02+202) +
2x02z0 ((b-d) (ac-d*)+ (b (c-2d)+cd+a(b-2c+d))yo®+
(a—c)(b—d)(sz—zoﬂ)}]

outia3l= 0
Therefore
x: x0+ (8C1%x1) / (4C1% (x1)?+ (2C2+C3x1)? + (2C4+ C5 x1)?)

y:
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4= Sionpl i fy[y0+2y1/ (X1N2 +y1l"h2+2172) /.
{yl1->(2(c-d)y0 (bd-d*2+2 (a-b)x0"2+ (b -d) (x0%+y0®+20%)) +
2x0y0 ((ab-d~2) (c -d)+(a-b) (c-d)x0?-
(a-b) (c-d)y0®+ ((a+b) (c+d) -2 (ab+ cd))z0?) x1-
v220 (X072 +y072+2072-c) ((d +x0%+y0?+20%) x1+2x0)) /
(2 (yo* (d-c) (b*-d?+2x0% (a-b)) +2z0% (b-d) (d* -c?+2 (c-a)x0?))),
z1- (-220 ((b-d) (d®*-cd- (2a-c-d)x0?+ (d-c) (y0*+z0%)) -
((ac-d~2) (b-d) + (b-d) (a-c) (x0"2-2072) +
(bc-2bd+dc-2ac+ab+ad)y0”2) x0 x1) +
v2y0 (-b+x0?+y0?+20%) (2x0+ (d+x0%+y0?+20?)x1))/
(2 ((-c+d) (b*-d*+2 (a-b) x0?) y0®+ (b-d) (-c*+d*+2 (-a+c) x0%) z0%))}]
ouag- YO+ (2x0x1y0 ((c-d) (ab-d?)+ (a-b) (c-d)x0*-
(a-b) (c-d)y0®+ ((a+b) (c+d) -2 (ab+cd))z0%) +
2 (c-d)y0 (bd-d®+2 (a-b)x0%+ (b-d) (x0?+y0?+20%)) -
v220 (-c +x0? +y0?+20%) (2x0+x1 (d +x02+y02+202>)>/
(((—c+d> (b2 -d?+2 (a-b) x0%) y0? + (b-d) (-c?+d?+2 (-a+c) x0?) z0?)
(x12+(2x0x1y0 ((c-d) (ab-d?) + (a-b) (c-d)x0*-
(a-b) (c-d)y0o*+ ((a+b) (c+d) -2 (ab+cd)) z0?) +
2 (c-d)yo0 (bd-d?+2 (a-b) x0?+ (b-d) (x0?+y0?+20%)) -
v220 (-c +Xx0% +y0%+20%) (2x0+x1 (d+x02+y02+202)))2/
(4 ((-c+d) (b?-d2+2 (a-b) x0?) y0?+ (b-d) (-c2+d?+2 (-a+c) x0?) 202)2) .
(v2y0 (-b+x0%+y0%+20%) (2x0+x1 (d+x0%+y0®+20%)) -
220 (-x0x1 ((b-d) (ac-d?)+ (b (c-2d)+cd+a (b-2c+d))y0®+
(@a-c) (b-d) (x0%-20%)) +
(b-d) (d2-2ax0%-c (d-x0%+y0?+20%) +d (x0% +y0?+20%))))" / (4
((-c+d) (b®-d*+2 (a-b) x0%) y0?+ (b-d) (-c?+d?+2 (-a+c) x0%) 202)2)))
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5= Si np|ify[(2xox1yo ((c-d) (ab-d?) + (a-b) (c-d)x0%-
(a-b) (c-d)y0®+ ((a+b) (c+d) -2 (ab+cd)) z0%) +
2 (c-d)y0 (bd-d*+2 (a-b) x0%+ (b-d) (x0%+y0®+20%)) -
v220 (-c +x0%+y0®+20%) (2x0+x1 (d +x02+y02+202)))/
(((—c+d) (b? -d®+2 (a-b) x0%) y0? + (b -d) (-c®+d®+2 (-a+c) x0%) z0%)

(x12+(2x0x1y0((c—d) (ab-d?) + (a-b) (c-d) x0*-
(a-b) (c-d)y0®+ ((a+h) (c+d) -2 (ab+cd)) z0?) +
2 (c-d)y0 (bd-d*+2 (a-b) x0%+ (b-d) (x0?+y0?+20?%)) -
V220 (-c +x0% +y0? +20%) (2x0+x1 (d+x02+y02+202)))2/ (4 ((-c+d)
(b?-d*+2 (a-b) x0%) y0? + (b -d) (-c®+d®+2 (-a+c) x0%) 202)2) +
(v2y0 (-b+x0%+y0%+20%) (2x0+x1 (d+x0%+y0%+20%)) -
220 (-x0x1 ((b-d) (ac-d?)+(b(c-2d)+cd+a (b-2c+d))y0®+
(a-c) (b-d) (x0?-20%)) + (b-d)
(d2—2ax02—c(d—x02+y02+202)+d(x02+y02+202))))2/
(4((—C+d) (b? -d? +2 (a-b) x02) y0? + (b-d) (-c?+d®+

2 (-a+c) x0?) 202)2))) -
(4CL (2C2+C3x1) / (4C1% (x1)?+ (2C2+C3x1)? + (2C4+C5x1)?)) /.
{c1->
(-c +d)
(b? -d® +2 (a-b) x0?) yo? +
(b-d) (—Cz+d2+2 (-a+cC) X02) 202,
C2 -> -v2x02z0 (-c +x0? +y0® +20?) +
(c-d)y0 (bd-d?+2 (a-h) x0?+ (b-d) (x0%+y0? +20%)),
C3 ->-v22z0 (—C +x02+y02+202) (d +x02+y02+202) +
2x0y0 ((c-d) (ab-d?)+ (a-b) (c-d)x0*-
(a-b) (c-d)y0?+ ((a+b) (c+d) -2 (ab+cd)) z0?),
C4 ->v2x0y0 (-b+x0%+y0?+20%) + (-b+d) z0
(d* -2ax0%-c (d-x0%+y0? +20%) +d (x0% +y0% +20%)),
C5 ->v2y0 (—b+x02+y02 +ZOZ) (d +x0? +y02+202) +
2x02z0 ((b-d) (ac-d?)+ (b (c-2d)+cd+a(b-2c+d))yo®+

(a-c) (b-d) (X02—202))}]
outias}= 0

Therefore
y: y0+4Cl (2C2+C3x1) / (4C1% (x1)%+ (2C2+C3x1)%+ (2C4 +C5x1)?)

Z:
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neer= Sinplify[z0+221/ (xX172+y172+2172) /.
{yl1->(2(c-d)y0 (bd-d*2+2 (a-b)x0"2+ (b -d) (x0%+y0®+20%)) +
2x0y0 ((ab-d~2) (c -d)+(a-b) (c-d)x0?-
(a-b) (c-d)y0®+ ((a+b) (c+d) -2 (ab+ cd))z0?) x1-
v220 (X072 +y072+2072-c) ((d +x0%+y0?+20%) x1+2x0)) /
(2 (yo* (d-c) (b*-d?+2x0% (a-b)) +2z0% (b-d) (d* -c?+2 (c-a)x0?))),
z1- (-220 ((b-d) (d®*-cd- (2a-c-d)x0?+ (d-c) (y0*+z0%)) -
((ac-d”~2) (b-d) + (b-d) (a-c) (x0"2-20"2) +
(bc-2bd+dc-2ac+ab+ad)y0”2) x0 x1) +
v2y0 (-b+x0?+y0?+20%) (2x0+ (d+x0%+y0?+20?)x1))/
(2 ((-c+d) (b*-d*+2 (a-b) x0?) y0®+ (b-d) (-c*+d*+2 (-a+c) x0%) z0%))}]
oupael- 20 + (V2y0 (b +x0% +y0? +20%) (2x0 +x1 (d +x0%+y0? +20?)) -
220 (-x0x1 ((b-d) (ac-d?)+
(b (c-2d)+cd+a(b-2c+d))y0®+ (a-c) (b-d) (x0®-20%)) +
(b-d) (d?2-2ax02-c (d-x0%+y0%+20%) +d (x02+y02+z02))))/
(((—c+d) (b?-d?+2 (a-b) x0%) y0O® + (b-d) (-c?+d?+2 (-a+c) x0%) z0?)
(x12+<2x0x1y0 ((c-d) (ab-d?) + (a-b) (c-d)x0*-
(a-b) (c-d)y0o*+ ((a+b) (c+d)-2 (ab+cd))z0%) +
2 (c-d)yo (bd-d?+2 (a-b) x0%+ (b-d) (x0%+y0?+20%)) -
v220 (-c +x0%? +y0%+20%) (2x0+x1 (d+x02+y02+202)))2/
(4 ((—C+d) (bz—d2+2 (a—b)XOZ)y02+ (b-d) (—Cz+d2+2 (—a+c>x02) 202)2) +
(v2y0 (-b+x0%+y0®+20%) (2x0+x1 (d+x0%+y0®+20%)) -
220 (-x0x1 ((b-d) (ac-d?)+ (b (c-2d)+cd+a (b-2c+d))y0®+
(a-c) (b-d) (x0%-20%)) +
(b-d) (d?-2ax0?-c (d-x0%+y0®+20%) +d (x02+y02+202))))2/ (4

((-c+d) (b®-d2+2 (a-b) x0?) y0?+ (b-d) (-c2+d®+2 (~a+c) x0?) 202)2)))
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7= Si erIify[
(v2y0 (-b +x0%+y0?+20?) (2x0+x1 (d+x0?+y0?+20%))-220 (-x0x1 ((b-d) (ac-
d?) + (b (c-2d) +cd+a (b-2c+d)) y0®+ (a-c) (b-d) (x0?-2z0%)) +
(b-d) (d*-2ax0?-c (d-x0?+y0®+20?) +d (x02+y02+202))))/
(((—c+d) (b? -d®+2 (a-b) x0%) y0? + (b -d) (-c®+d®+2 (-a+c) x0%) z0%)
(x12+(2x0x1y0((c—d) (ab-d?) + (a-b) (c-d) x0*-
(a-b) (c-d)y0®+ ((a+h) (c+d) -2 (ab+cd)) z0?) +
2 (c-d)y0 (bd-d*+2 (a-b) x0%+ (b-d) (x0?+y0?+20?%)) -
V220 (-c +x0% +y0? +20%) (2x0+x1 (d+x02+y02+202)))2/ (4 ((-c+d)
(b?-d*+2 (a-b) x0%) y0? + (b -d) (-c®+d®+2 (-a+c) x0%) 202)2) +
(v2y0 (-b+x0%+y0%+20%) (2x0+x1 (d+x0%+y0%+20%)) -
220 (-x0x1 ((b-d) (ac-d?)+(b(c-2d)+cd+a (b-2c+d))y0®+
(a-c) (b-d) (x0?-20%)) + (b-d)
(d2—2ax02—c(d—x02+y02+202)+d(x02+y02+202))))2/
(4((—C+d) (b? -d? +2 (a-b) x02) y0? + (b-d) (-c?+d®+
2 (-a+c) x0?) 202)2))) -
(4CL (2C4+C5x1) / (4C1% (x1)%+ (2C2+C3x1)%+ (2C4+C5x1)?)) /.
{c1->
(-c +d)
(b? -d® +2 (a-b) x0?) yo? +
(b-d) (—Cz+d2+2 (-a+cC) X02) 202,
C2 -> -v2x02z0 (-c +x0? +y0® +20?) +
(c-d)y0 (bd-d?+2 (a-h) x0?+ (b-d) (x0%+y0? +20%)),
C3 ->-v22z0 (—C +x02+y02+202) (d +x02+y02+202) +
2x0y0 ((c-d) (ab-d?)+ (a-b) (c-d)x0*-
(a-b) (c-d)y0?+ ((a+b) (c+d) -2 (ab+cd)) z0?),
C4 ->v2x0y0 (-b+x0%+y0?+20%) + (-b+d) z0
(d* -2ax0%-c (d-x0%+y0? +20%) +d (x0% +y0% +20%)),
C5 ->v2y0 (—b+x02+y02 +ZOZ) (d +x0? +y02+202) +
2x02z0 ((b-d) (ac-d?)+ (b (c-2d)+cd+a(b-2c+d))yo®+
(a-c) (b-d) (X02—202))}]

outia71= 0

Therefore
z: 20+4ClL (2C4+C5x1) / (4C1% (x1)?+ (2C2+C3x1)%+ (2CA+C5x1)?)

Hence by setting
r-2C1, Ul-0, U2-2C2, U3-2C4,
V1-2Cl, V2-5C3, V3-C5 wecanapplyLlLemma.

Thus tis
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-U3Vv2+U2V3

/. {Ul-0, U2-2C2, U3-2C4, VlI->2Cl, V2-C3 V3—>C5}]
U3 Vvi-U1V3

nagi= Simplify [-

aGcA-C2G6
2Clc4

Out[48]=

o= Simplify[(C3C4-C2C5) -2CL (2 (b-c) (a-d) x0y0z0+
v2 (-by0”r2-cz0"2+ (X072 +y0”2+2072) (yO~2+2072))) /.
{Cl -> (-c+d) (b*-d®+2 (a-b) x0?) y0? + (b-d) (-c?+d?+2 (-a+c) x0%) z0?,
C2 -> -v2x02z0 (-c +Xx0? +y0% +20?) +
(c-d)y0 (bd-d?+2 (a-h) x0?+ (b-d) (x0%+y0? +20%)),
C3 -> -v220 (- +X0? +y0? +20%) (d +x0% +y0? +20?) +
2x0y0 ((c-d) (ab-d?)+ (a-b) (c-d)x0%- (a-b) (c-d)y0®+
((a+b) (c+d) -2 (ab+cd))z0%), C4->v2x0y0 (-b+x0?+y0? +20%) +
(-b+d) z0 (d*-2ax0?-c (d-x0%+y0%+20%) +d (x0% +y0*+20?)),
C5 ->v2y0 (-b+x0%+y0%+20%) (d+x0%+y0®+20%) +2x020 ((b-d) (ac-d?)+
(b (c-2d)+cd+a (b-2c+d))y0®+ (a-c) (b-d) (x0?-20%))} /.
d—>«/(2ax0"2+2by0"2+20zO"2—(xO"2+yO"2+zO"2)"2)]

outs9l= 0
Therefore
g BA-CE (2 (b-c) (a-d) x0y0 z0
P — = -c) (a-d) x0y0z0+
2ClC4
V2 (-by07r2-c 2072+ (xON2 +y0~2 +2072) (yOA2+2072))) / Ch
sis
o U2 V1 - UL V2
nsop- S rrpllfy[—— /. {Ul>0, 252C2, U352C4, V1-2Cl, V2-C3, v3->c5}]
U3 V1 +ULV3
%)
Oout[50]= —
c4

The parti al derivatives of z by x,
y are zx »x0 (a-x0"2-y0"r2-2z072) / (zO (x0"2+y0”r2+2z0"2-cC)),
zy »y0 (b-x0"2-y0"r2-2072) / (zO (x0"2 +y0"2+2072-C)).

ThenT:= (t +szXx) / (1 -5 zy)
ns1= Sol ve [ (X072 +y0"r2 +2z07r2)"2-2ax0”"2-2by0”r2-2cz072+d”2 =0, z0]
outls1]= HZOa—\/(c—x02—y02—\/(02—d2+2ax02—20x02+2by02—20y02))},

{20»\/(c7x027y027\/(c27d2+2ax0272cx02+2by0272cy02))}
{20»7\/(c7x027y02+\/(027d2+2ax02720x02+2by0272cy02))},
{zoe\/(c-xoz-yoh\/(c2-d2+2ax02-2cx02+2by02-2cy02))}}

Wen z0 » 4/ (¢ -x0% -y0% + +/ (c?-d? +2 (a-c) x0? +2 (b-c) y0?)),
we showthat T=P/Qwith
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ne2k= Q== (b-d) (c-d)? (2c+d) (c+d) + (b-d) (-c+d) (Bac-7c”+4 (a -c)d+d®) x0* -
(b-c) (b-d) (c-d) (3c+d)y0?-2 (a-c) (b-d) (2a-3c +d) x0%+
2(b-c) (-2ab+ac+2bc+ (a-3c)d+d*) x0?y0? -
v/ (c?-d?+2 (a-c) x0?+2 (b-c) yo0?)
((b-d) (c-d) (2c-d) (c+d) + (b-d) (4ac-5¢*-2 (a -c) d+d*) x0%+
(b-c) (b-d) (c-d)y0®-2(a-c) (b-d)x0*- 2 (b-c) (a-d) x0?y0?)

ne3= P=x0y0 (- (c?-d*) (3ab-2ac-2bc-(a+b-4c)d-d?)+
2 (a-c) (-2ab+ac+2bc+(a-3c)d+d*)x0"2+2 (b-c)
(-2ab+2ac+bc+ (b -3c)d+d?) y0or2++/(c?-d?+2 (a-c) x0?+2 (b-c) yo0?)
(-3abc+2ac’+2bc’+ (ab +ac +bc-4c?)d-
(@+b-c)d®+d®+2 (a-c) (b-d)x0®+2 (b-c) (a-d)y0?)) -

V2 4/ (c -x0%-y0? ++/ (c®?-d*+2 (a-c) x0?+2 (b-c) y0o?))

(c (c®*-d*+2 (a-c) x0®+2 (b-c) yo?) +
(X072 +y072+2072-c) (c®-d®+ (a-c) x0%+ (b-c)y0?))

ins4:= S rrplify[(t +s2zX)/ (l-szy)-P/Q/. {t -=> (2 (b-c) (a-d) x0y0z0 +
v2 (-by0”r2-cz0”2+ (X0"2 +y0"2+2072) (yON2+2072))) /C4,
s->C2/C4, zx »>x0 (a-x0"2-y0"r2-2z0"2) / (zO (xO"2+y0"2+2072-C)),
zy »y0 (b-x0"2-y0”r2-2072) / (z0 (x0"2+y0"2+20"2-cC))} /.
{C2 -> -v2x02z0 (-c +x0? +y0®+20?) +
(c-d)y0 (bd-d?+2 (a-bh) x0?+ (b-d) (x0%+y0?+20%)),
C4 ->v2x0y0 (-b+x0%+y0?+20%) + (-b+d) z0
(d?-2ax0? -c (d-x0%+y0%+20?%) +d (x02 +y0%+20%))} /.

{zO—»«/(c—x02—y02+\/(c2—d2+2 (a-c)x02+2 (b-c)y0?)),

v2-42 (b-d) (c-d) (d-a) }]

outs4= 0
The center of thecircleis
X

inssi= Sionpli fy[
X0+ (r (-U2V1V2+ULV2?-U3VL1V3+ULV3?)) / (U22V1? +U3? V1% -2 UL U2 V1 V2 +

U12V22+U32V22—2U1U3V1V3—2U2U3V2V3+U12V32+U22V32) /.
{r »2Cl, U150, 2»2C2, U3>2C4, V152Cl, V2-C3, V3~ C5}]

2 Cl? (C2C3+CAC5)
4C1% (C2°+CA%) + (CB3CA-C2C5)2

+x0

Out[55]= —
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ins6)= Si rrplify[
yO+ (r (U2V1%-ULVIV2-U3V2V3+U2V3%)) / (U2% V1% + U3? VI? - 2 UL U2 V1 V2 + U1® V2° +
U3% V2% -2 UL U3 V1 V3 -2 U2 U3 V2 V3 + UL? V3% + U2% V3?) /.
{r »2Cl, Ul-0, 2>2C2, UB3>2C4, V152Cl, V2-C3, V3~ C5}]
Cl (4C1°C2+C5 (-C3C4+C2C5) )

out[56]= +y0
2 2 2 2
4 Cl (CZ +C4>+(C304—C2C5)

in57):= Si n’plify[
20+ (r (U3V1%+U3V22-ULV1V3-U2V2V3)) / (U2% V1% +U3%V1? -2 Ul U2 V1 V2 + UL? V2% +
U3% V2% -2 UL U3 V1 V3 -2 U2 U3 V2 V3 +UL? V3% + U2% V3?) /.
{r-2Cl, UU-0, 2-2C, U3-2C4, V1-52C1, V2 - C3, V3—>C5}]
Cl (4C1°C4+C3 (CB3CA-C2C5))

out[57]= +20
4C1% (C2° +CA%) + (C3CA-C2C5)2

(Theradius)”™2is

nsep= Simplify [ (r? (V1% + V22 +V3%)) / (U3% (V1% +V2?) -
2ULUBVIV3-2U2V2 (ULVL+U3V3) + 2% (V1% +V3%) + UL® (V2% +V3?%)) /.
{r52Cl, U150, 1252C2, U3-»2C4, VI 52Cl, V2-C3, V3~ C5}]

C1? (4 C1% + C3% + C5?)

Out[58]=

4 C1% (C2% +CA%) + (C3CA-C2C5)2



