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Pseudo-symmetric spaces of constant type
in dimension three

Oldiich Kowalski! and Masami Sekizawa

Abstract

Pseudo-symmetric spaces of constant type in dimension three are Riemannian mani-
folds of dimension three whose Ricci tensor has, at all points, one double eigenvalue
and one simple constant eigenvalue. The explicit classification of such spaces with
nonzero constant eigenvalue is given.

Introduction

According to [6], a Riemannian manifold (M, g) is said to be pseudo-symmetric if the following
formula holds for arbitrary vector fields X and ¥ on M:

0.1) RX,Y)-R=F(XAY) R,
where

a) R denotes the Riemannian curvature tensor of type (1,3) on (M, g) and

RX,Y) =[Vx,Vyl = Vixy
denote the corresponding curvature transformations,

b) X A Y denotes the endomorphism of the tangent bundle 7 M defined by
0.2) XANZ=gY.2)X -g(X,2)Y,

¢) F is a smooth function on M,

d) the dot in each side of the formula (0.1) denotes the derivation on the tensor algebra of TM
induced by an endomorphism of this tangent bundle.

We call a pseudo-symmetric space (M, g) of constant type if F = ¢ = constant.
Using the Introduction in [15] (where a result of [5] plays an essential role) we obtain easily the
following characterization in dimension three:
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Proposition 0.1. A three-dimensional Riemannian manifold (M, g) is pseudo-symmetric of constant
type F = € if and only if its principal Ricci curvatures p1, py and p3 locally satisfy the following
conditions (up to a numeration):

(1) p3 = 2,
(2) p1 = p2 everywhere.

We are not interested in the case when (M, g) is a space of constant curvature and therefore we
assume always p; = pa # p3.

If ¢ = 0, and hence F = 0, we obtain a definition of semi-symmetric space. The theory of
semi-symmetric spaces has been developed in [20], [21], [22], [10], [7], [1], [2] and especially
in the book [3]. For the three-dimensional case, see the explicit classification in [10], [7] and [3,
Chapter 6]. We exclude this case from our considerations.

For ¢ # 0, the present authors made an explicit classification in [15] for so-called “asymptoti-
cally foliated” (or “non-elliptic”’) spaces in dimension three. They left aside a number of singular
cases. (See Section 4 for the terminology). In [16] they treated the more complicated “elliptic”
spaces in the full generality. The aim of this paper is two-fold:

a) To complete the classification in [15] by singular cases and to unify the notation used there
separately for ¢ < 0 and ¢ > 0.

b) To join the study of non-elliptic spaces and elliptic spaces in one comprehensive article.

A computer check (the software “Mathematica” by Wolfram Research Inc.) was also used
during this work.

1 The basic system of partial differential equations for the problem

Let (M, g) be a three-dimensional Riemannian manifold whose Ricci tensor R has eigenvalues p; =
p2 # p3 with nonzero constant p3. Choose a neighborhood U of a fixed point m € M and a
smooth vector field E5 of unit eigenvectors corresponding to the Ricci eigenvalue p3 in U. Let
S : D> — U be a surface through m which is transversal with respect to all trajectories generated
by E3 at all cross-points and not orthogonal to such a trajectory at m. (The vector field E3 determines
an orientation of S). Then there is a normal neighborhood U of m, U ¢ U, with the property that
each point p € U is projected to exactly one point 7(p) € S via some trajectory. We fix any local
coordinate system (w, x) on S and then a local coordinate system (w, x, y) on U such that the values
w(p) and x(p) are defined as w(n(p)) and x(n(p)), respectively, for each point p € U, y(p) is the
oriented length d* (n(p), p) of the trajectory joining p with 7(p). Then E3 = d/dy can be extended
in U to an orthonormal moving frame {E1, E,, E3}. Let {w!, w?, w?} be the corresponding dual
coframe. Then w'’s are of the form

W =ddw+bidx, i=1,2,

(1.1)
W’ =dy + Hdw + Gdx.

The Ricci tensor R expressed with respect to {E|, E, E3} has the form R j = pid;j. Because each
pi is expressed through the sectional curvature K;; by the formula p; = Ri=Y ;=i Kij, there exist a
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function k = k(w, x, y) of the variables w, x and y, and a constant ¢ such that

Ky =k, Ki3=Ky=2¢,
(1.2)
prL=p2=k+¢ p3=2C.

Define now the components a)"/. of the connection form by the standard formulas

dwl—zjaﬂ/\w’j=0,
(1.3) . _
w’j+a){ =0, i,j=12,3.

Because the Riemannian curvature tensor satisfies R;jx; = 0 whenever at least three of the indices
i, j, k and [ are distinct, the formulas (1.2) are equivalent to

da)é +w§ /\wg =kw' A a)z,
(1.4) { doy+ w0y Aw} =o' AW,
dw% +w% /\wé =W AW’
Next, differentiate the equations (1.4) and substitute from (1.4). We obtain easily
(1.5) cué/\cu1 Aw? =0, w%/\a)l Aw? =0
and
(1.6) d((k - w' Aw?)=0.

The relations (1.5) mean that a)é and w% are linear combinations of w' and w? only, and from the
third equation of (1.3) it follows that dw? is a multiple of w! A w? i.e., a multiple of dw A dx. Then
(1.1) implies that the functions G and H are independent of y.

Now, there is a local coordinate system (w, X, y) (possibly in a smaller neighborhood of m) such
that w = w(w, x) and X = X(w, x) are functions of w and x, and

w' = Pldw + Q'dx,
(1.7) { &?* = P*dw + Q%dx,
W = dy + Hw, ©)dw.

Indeed, because the surface S is not orthogonal to the vector field E3 at m, the Pfaffian form Hdw +
Gdx from (1.1) is nonzero in a neighborhood of m in M. Then we define w = w(w, x) as a potential
function of the Pfaffian equation Hdw + Gdx = 0, and the second function ¥ = Xx(w, x) can be
defined as an arbitrary smooth function which is functionally independent of w. In addition, there
are new Pfaffian forms @' and @2 such that (&')? + (@?)* = (0")? + (w?)? and &' does not involve
the differential dx. We can summarize:



Proposition 1.1. In a normal neighborhood of any point m € M there exist an orthonormal coframe

{w', W2, W} and a local coordinate system (w, x,y) such that

w' = fdw,
(1.8) { w® = Adx + Cdw,

W = dy + Hdw.

Here f, A and C are smooth functions of the variables w, x and y, fA # 0, and H is a smooth
function of the variables w and x.

The formula (1.6) can be now written in the form

g

(1.9) (k- E)fA); =0, ie, k-¢C= f_A
for some nonzero function o = o (w, x).
Now, define the function y = y(w, x, y) of the variables w, x and y by
1 k-7

Then, using (1.8) and (1.10), we obtain easily the following expression for the components of the
connection form:

wé = —Aadx + Rdw + Bdy,
(1.11) { w} = ABdx + Sdw,

w% = A;dx + Tdw,
where

a = x(A}, - C, — HA)),
(1.12) p
B = A-(H, +AC| - CA))

and

R=xff,—Ca+ Hp,

(1.13) { S = £/ +CB,

T=C,- fB
The curvature conditions (1.4) then give a system of nine partial differential equations for our prob-
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lem:

(A1) (A@); + B, =0,

(A2) R, -, =0,

(A3) (Ae);, + R, + S A} — ABT = —fAk,
(B1) A}, —AB* = —¢A,

(B2) - A}, +T;+A(BR+aS) = ¢AH,
(B3) T;-SB=-¢C,

(C1) (Ap); +A}B =0,

(C2) S, —(AB);, — (AaT + A}R) = 0,

(C3) S} +TpB =~tf.

2 The first integrals and the reduction of the basic system of partial
differential equations

The aim of this section is to replace the partial differential equations of the series (B) and (C) by a
system of algebraic equations for the new functions depending only on the variables w and x.

First of all, we can eliminate (B2) and (C2) by the same procedure as in [11]: the equation (B2)
is a consequence of (Al) and (B1); the equation (C2) is a consequence of (Al), (A2) and (C1).
Moreover, Proposition 2.3 from [11] still holds (with a slight change of the notation). We have

Proposition 2.1. The equations (B3) and (C3) are satisfied if and only if
2.1) fT -CS = ¢,

where ¢y = @o(w, x) is an arbitrary function of the variables w and x. Moreover, we have, in the
hyperbolic case ¢ = —12,

(2.2h) S? + T? = A cosh(2Ay) + ¢, sinh(21y) — @3],

(2.3h) fS + CT = ¢; cosh(2Ay) + ¢; sinh(21y),

(2.4h) f2+C? = %[901 cosh(2y) + @3 sinh(24y) + @3],

where the functions ¢; = ¢;i(w, x), i = 1,2, 3, of the variables w and x satisfy the single relation
(2.5h) @o” + @2 = (91° = 937 = 0

and in the elliptic case ¢ = A2,

(2.2¢) S2 + T? = Ag; cos(2Ay) — @2 sin(2y) + @3],

(2.3e) £S + CT = @, cos(2y) + 1 sin(2y),



(24e) f2+C? = %[—901 cos(2Ay) + @3 sin(2y) + @3],
where the functions ¢; = @i(w, x), i = 1,2, 3, of the variables w and x satisfy the single relation
(2.5¢) @0 + 2> + @17 — 3> = 0.

Proposition 2.2. From the equations (Al), (A2), (B1), (C1) and (C3), we have, in the hyperbolic
case,

(2.6h) fA = ficosh(2Ay) + f> sinh(2Ay) + f3
and, in the elliptic case,
(2.6e) fA = ficos(2Ay) + f>sin(2Ay) + f3,

where f; = fi(w, x), i = 1,2,3, are some functions of the variables w and x.
There is a function ¢4 = @a(w, X) of the variables w and x such that, in the hyperbolic case,

(2.7h) SA = Af; cosh(21y) + Af] sinh(21y) + ¢4
and, in the elliptic case,
(2.7e) SA = Af> cos(2Ay) — Af1 sin(2Ay) + ¢4.
Further, the equation (A3) is reduced to the equation
(2.8) (Ao, +R. +7=0,
where
29) = (SA); + fA p;
is a function of the variables w and x.
Proof. From (C3) we obtain, using also (1.13),
(2.10) (SA); = SA; —ABT —CfA = fy’A; +ﬂ(CA; - AC;,) + f(AB* — ZA).
Due to (B1) we obtain

(2.11) (SA), = fjA, + AlLf + BCA} = AC}) = (A} ), + B(CA} — AC)).

»y
On the other hand, using (1.13) first and (C1) later, we get
(2.12) (SA); = [fyA + (AB)CT, = (fA), — B(CA[ — ACY).
As the sum of (2.11) and (2.12) we obtain
(2.13) 2(SA); = (FAD), + (fIA), = (FAY},.

Using (A1) and (A2), we obtain

(2.14) [(Aa)], + R, = 0.



Due to (2.10), (1.10) and p; = k + ¢, the equation (A3) takes in the form
(2.15) (Aa),, + R, + (SA); + fAp; = 0.
According to (2.14), the function 7 defined by (2.9) does not depend on y. This together with (2.15)
implies (2.8). Also, the equations (2.13) and (2.9) imply
(2.16) (fA);tV +2fAp; =21
Substituting (1.10) and p; = k + ¢ into (2.16), we obtain

N 2(k + c~)0'

-2t =0.
»y k—-c¢

(2.17) (k“~)

—C

Because o does not depend on y, putting

1 T—0
2.18) F = -,
( ) k-¢ 2¢0

we obtain

(2.19) F;’y +4¢F = 0.

Moreover we get, from (2.18) and (1.10),
(2.20) fA=Fo + f3,

where f3 = f3(w, x) is an arbitrary function of the variables w and x.
The general solution of the partial differential equation (2.19) is, in the hyperbolic case,

(2.21h) F = Fcosh(21y) + F; sinh(21y)
and, in the elliptic case,
(2.21e) F = Fjcos(2Ay) + F; sin(21y),

where F'; = Fi(w,x) and F, = Fy(w, x) are arbitrary functions of the variables w and x. This
together with (2.20) implies (2.6h) and (2.6e).
From (2.6he) and (2.13) we obtain (2.7he), respectively. |

Proposition 2.3. The equation (B1) and (C1) are satisfied if and only if
(2.22) BA? = Aay,

where ay = ag(w, x) is an arbitrary function and, moreover, we have
(a) in the hyperbolic case,

(2.23h) A? = a; cosh(21y) + as sinh(21y) + a3,

where a; = a;(w, x), i = 1,2,3, are functions of the variables w and x satisfying
(2.24h) ap® + ax* — (a1* - a3*) = 0;

(b) in the elliptic case,

(2.23e) A® = aj cos(21y) + as sin(2Ay) + a3,

where a; = a;(w, x), i = 1,2, 3, are functions of the variables w and x satisfying

(2.24¢) a02 + a22 + a12 - a32 =0.



The proof is the same as for Proposition 2.5 in [11] (with a slight change of the notation).
Proposition 2.4. We have, in the hyperbolic case,
2a9AC = [a1ps + 2A(ar f3 — a3 fo)] cosh(21y)
(2.25h) + [azps — 2A(az f1 — a1 f3)] sinh(24y)
+azps — 2A(ar fi — a1 f2)
and, in the elliptic case,
22a0AC = [a1p5 + 2A(az f3 — a3 f2)] cos(21y)
(2.25¢) + [azgps + 2A(az fi — a1 f3)]sin(22y)
+azps + 2A(ax fi — ai f),
where s = @s5(w, x) is an arbitrary function of the variables w and x.
Proof. Subtracting equations (2.11) and (2.12), we get
(fA] = [yA); + 2B(ASC - AC)) = 0,
that is,

’ 7 AN 2 AC)/’ B A;C
(fAy = f;A)y = 254 A? :

Using (2.22), we get

(2.26) (fA, - fA), = uao(%)y.

Integrating (2.26) with respect to y and multiplying by A3, we get
(2.27) 24apAC = psA® + (fA)(A%), — A*(fA),,

where @5 = ¢s(w, x) is an arbitrary function of the variables w and x. Substituting (2.6he) and
(2.23he) into (2.27), we obtain our assertion, respectively. |

The following proposition is more explicit.

Proposition 2.5. We have, in the hyperbolic case,
(2.28h) AC = by cosh(21y) + b; sinh(21y) + b3
and, in the elliptic case,

(2.28e) AC = by cos(21y) + by sin(21y) + b3,

where b; = b;(w, x), i = 1,2, 3, are functions of the variables w and x.



Proof. For ag # 0, the assertion (2.28he) is a direct consequence of (2.25he), respectively.
Suppose now ¢ = €%, e ==1,and ap = 0. Then 8 = 0 by (2.22) and we get from (1.13)3 and
(B3) that

C, = -&C = —€l’C.
Hence we get, in the hyperbolic case,
(2.29h) C = rcosh(Ay) + ssinh(Ay)
and, in the elliptic case,
(2.29¢) C = rcos(Ay) + ssin(Ay),

where r = r(w, x) and s = s(w, x) are arbitrary functions of the variables w and x. On the other
hand, (2.23he) and (2.24he) with ag = 0 imply, in the hyperbolic case,

(2.30h) A = pcosh(1y) + g sinh(1y)
and, in the elliptic case,
(2.30e) A = pcos(Ay) + gsin(Ady)

with some functions p = p(w, x) and g = g(w, x) of the variables w and x. Hence (2.28he) follows.

Remark. We denote sgn¢ by € in the sequel. This notation will be used later to unify many
formulas for the hyperbolic and the elliptic case.

Now we introduce the function h = h(w, x) by

(2.31) h=H..
Proposition 2.6. We have

hay = 24lao fi + a2b3 — azby],
(2.32) | hay =2Alapfr + €(azb; — a1b3)],

haz = 2[ao f3 — (a1by — azby)].
Proof. From (1.12), we get

h=2fAp - (AC), + 24C.

Then (2.22) and (1.10) imply
(2.33) hA* = 2AapfA — A*(AC)}, + (AC)(A%,.

Now we use (2.6he), (2.23he) and (2.28he) to get (2.32he). |



From (2.21he), (1.10) and (2.1) we obtain
(2.34) § = fxQ, T =CxQ + poxA,
where, in the hyperbolic case,

(2.35h) Q = Af> cosh(2Ay) + Afi sinh(2Ay) + ¢4
and, in the elliptic case,
(2.35¢) Q = Af5cos(Ay) — Af; sin(2Ay) + ¢4.

Substituting from (2.34) into the partial differential equation (C3), we obtain, using also (2.22),

4

( fxQ} - %Q)Az + AaoCx O + AagpoyA = —¢fA>.
Multiplying this equation by A and using (2.27) and (1.10), we get
(2.36) 2fAQ; + 50 — Q(fA); + 2agpo + 28(fA)? = 0.

Substituting from (2.6he) and (2.35he) into (2.36), we obtain

{ files —204) =0, fales —2¢4) =0,
(2.37)
paps + 2Aaopo — 2o + e(fi* = f37)] = 0.

Substituting (2.35he) into (2.34), we obtain, in the hyperbolic case,
(2.38h) S = fx[Af> cosh(2Ay) + Af; sinh(2Ay) + ¢4],
(2.39h) T = Cy[Af2 cosh(2Ay) + Af] sinh(21y) + 4] + oy A
and, in the elliptic case,
(2.38e) S = fx[Af2cos8(2dy) — Afi sin(2Ay) + 4],
(2.39¢) T = Cx[Af>cos(2Ay) — Af1 sin(2AY) + pa] + poxA.

Hence we obtain, in the hyperbolic case,

(2.40h) fA(CT + fS) = @oAC + [Af> cosh(2Ay) + Afi sinh(2Ay) + 4](f> + C?)
and, in the elliptic case,

(2.40e) fA(CT + fS) = @oAC + [Af> cos(2Ay) — Afj sin(2y) + @41(f* + C?).

Substituting (2.3he), (2.4he) and (2.6he) into (2.40he), we get in the hyperbolic case,

1
woAC = (f32 — faps3 — 7901904) cosh(21y)
1 )
(2.41h) + (31 — figs — 7902904) sinh(21y)
1
+ fip2 — fa1 — P

10



and, in the elliptic case,

1
©oAC = (f3p2 — faps + 7901904) cos(21y)
1 )
(2.41e) + (f3e1 + fips — 7%04) sin(21y)

+ figz + o1 - %wm.
Another consequence of (2.38he) and (2.3%he) is, in the hyperbolic case,
(fAP(S?+T%
= [A%2 52 cosh?(21y) + 22 £ % sinh?(2y) + 222 f; f» cosh(21y) sinh(21y)

(2.42h)
+ 2 fo04 cosh(2y) + 24 fi 4 sinh(2y) + 0421(f? + C?)

+ 200AC[Af> cosh(21y) + Af; sinh(21y) + @4] + @o>A>

and, in the elliptic case,
(fA(S* +T?)
= [A2f52 cos?(2Ay) + A2 fi% sin®(2Ay) — 222 f1 f> cos(2y) sin(21y)

- + 22 faps c08(22y) = 24 fiepa SiNAY) + 4> 1(f* + C?)

+ 200AC[Af> cos(2Ay) — Afi sin(2y) + 4] + @o>A>.
Using the formulas (2.2he), (2.4he), (2.6he), (2.23he) and (2.41he), we obtain from (2.42he)
Ago*ar = @i[P(fi* = €fa + 37) — epa’]

+ 22 fi(efs3 — fop2) + 20s(fop3 — f3p2),

Apo’ar = €pa[ 2(fi* — €2* — f5°) + €pa’]
(2.43)
+ 22 H(fip1 + €f303) — 204(f31 + €f13),
Apo’az = ep3[P2(fi% + €fp? + f52) + €pa’]

+ 222 f5(fie1 — fog2) — 240a(fi2 + €fr01).

Consider now the identity (AC)> = A%(f? + C?) — (Af)?. Substituting from (2.4he), (2.6he),
(2.23he) and (2.28he), we get a system of quadratic equations

Abi? — €br® + fi2 — €fp?) = —e(arp1 + arga),
Ab1? + €br? +2b3% + fi? + €2 + 2f3%) = —e(aig1 — argr) + 2a33,
(2.44) 2/1([71192 + f] fz) =ajpy — earyy,

2A(b1b3 + f1f3) = a193 — €azpy,

24(b2b3 + f>of3) = arp3 + azga.

11



In the notation (2.28he) we can rewrite (2.25he) in the form
2apby = arps + 2A(ax f3 — a3 f2),
(2.45) { 2daoby = arps + 2ed(az f1 — a1 f3),
2dapbs = azps — 2A(a1 f2 — ax f1).
Also, we can rewrite (2.41he) in the form

Apob1 = —A(fop3 — f32) + €p1¢p4,
(2.46) | Apoba = Af31 + €f103) — P2¢pa,

Apobs = A(figz + €f21) — @34
Proposition 2.7. If ag # 0, then we have

2A[e(ay fi — a3 f3) + az f2] .

ao

2.47) h=-

Proof. The assertion follows from (2.32), (2.45) and (2.24he). |
Now we have the main results of this section.

Theorem 2.8. Let A be a positive constant. Let @q, @1, ..., ¢s, ao, a1, az, as, by, by, b3, f1, fr, f3
and h be functions of two variables w and x defined in some domain V C R*(w, x), satisfying eight
collections of algebraic equations (2.5), (2.24), (2.32), (2.37)2, (2.43), (2.44), (2.45) and (2.46)
(either of hyperbolic type, or of elliptic type) with the corresponding parameter A, and such that
al+a’+a32>0inV.

Let A, f, C and H be functions defined in a domain U C R3(w, x,y), where A # 0, by the
formulas (2.23), (2.6), (2.28) and (2.31) of the corresponding type, and let the metric g be defined
on U by (1.8). Further, let a, 8 and R be defined as in (1.12), (2.22), (1.13). Then the curvature
conditions (1.4) are satisfied for some function k = k(w, x, y) of the variables w, x and y, and for the
corresponding constant ¢ = A% if and only if the system of partial differential equations (A1) and
(A2) is satisfied.

Proof. The assertion follows from the whole series of propositions and formulas given in this sec-
tion. N

Remark. Because we do not prescribe the function k = k(w, x,y) in advance, the equation (A3)
(or, equivalently, (2.8)) does not give any additional condition. But, due to (2.9) and (1.2), the
equation (2.8) can be considered just as a formula for calculating the Ricci eigenvalue p; or the
scalar curvature Sc(g) = 2k + 4¢ of (M, g).

Remark. The algebraic conditions mentioned above are, of course, far from being independent,
but they are all useful.

We conclude this section by proving additional algebraic equations between our basic functions.
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Proposition 2.9. We have
(2.48) 5 = 24,
(2.49) ©oA? — dag(f? + C?) + psAC + hfA = 0.

Proof. If fi2 + f>? # 0, then (2.48) follows from (2.37)1. If fi = f> = 0, then we proceed as in the
proof of Proposition 4.1 in [11].
To derive (2.49), we rewrite (2.37) using (2.48) in the form

(2.50) Aagpy = A*[fo* + e(fi* — 5] — g4
Suppose ag # 0. Then (2.45) and (2.48) imply
ajps + Aarfz — az fo)

by =
/la()
/I —
2.51) ) by = arpq + el(az f1 — ay f3) ,
Aag
pe = 304~ Aarfr — ar f1)
3 /la() '

Now we substitute for A2, 2 + C2, AC, ¢s, h and fA of the left-hand side of (2.49) from (2.23he),
(2.4he), (2.28he), (2.48) and (2.6he), respectively. Then the identity (2.49) follows. If ¢y = 0, we
use the direct check as in [11].

Proposition 2.10. The following algebraic formulas hold
(2.52) 2M(a1fi + ear f — a3 f3) = —eaoh,
(2.53) 42%(b1 fi + €ba > — b3 f3) = —€psh,

(2.54) 241 f1 — p2fa — ¥3/3) = €poh,
(2.55) 2/l(a1b1 + €a2b2 - a3b3) = —€apys.

Proof. From (2.24he) and (2.32) we obtain
2ap(ar fi + €arfr — a3 f3) = —eap>h.
Hence we obtain (2.52) if ap # 0. From (2.45) and (2.24he) we obtain
22a0(b1 fi + €ba fo — b3 f3) = ps(aifi + €arfo — a3 f3),
which together with (2.52) implies (2.53) when ag # 0. From (2.46) we obtain
ealprfi —@2fa —@3f3) = —Apo(bi fi + Do fo — b3 f3),
hence, if apps # 0, we obtain (2.54) using (2.53) and (2.48). Finally from (2.45) we obtain
2Aag(a1by + earby — azbz) = —eaozgos.

Thus we obtain (2.55) when agg4 # 0.
For apps = 0 we use the continuity argument or a rather lengthy direct check (¢f. Proposi-
tion 4.10in [107).
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3 The Riemannian invariants

Let (M, g) be given locally as in Proposition 1.1. We rewrite the formulas (1.11) using the forms

w!, w? and w? as a basis. It follows

wé:/\/f;wl —aw? + B,
4
1 y o1 2
(3.1) { w3=—Fw +pw,

f

A7
w%z(ﬁ—h)()w1+7yw2, h=H..

We also write, for brevity,

(3.2) w§=aa)1+bw2, a)§=ca)1+ea)2,
where

' Al
(33)a:f7)a b:ﬁe C:ﬂ—/’l/\/, e:Ty.

Using the standard formula VE].Ei =% wi.‘(Ej)Ek, i,j=1,2,3, from [8], we obtain

Vg Er = —xfiE2 — aEs,
VEzEl = (YEZ — bE3,
(3.4) VE1E3 =aFE| + cE,,

Ve, E1 = —bE,,

Vi Ex = Xf{E1 = cE3,
VEZEZ = —Q’El — €E3,
VE2E3 = bE1 +ek>,

Ve, Er = bE],

Ve, E3 = 0.

The last formula shows that the trajectories of the unit vector field £3 (consisting of the eigenvectors
of the Ricci tensor R corresponding to p3 = 2¢) are geodesics.

For the Ricci tensor R we get, using the notation (1.2) and the adapted local orthonormal

coframe {w!, w?, w3},

(3.5) R=(k+3)(w' @' + 0 ® w?) + 28 (0’ ® &*).
Using (3.1), (3.2) and the standard formula Vyw' = — 3 j cuf/(X)cuj , We obtain
VR = dk ® (' @ 0! + w? ® w?)
(3.6) +@-k{aw' +bw?) @ W ®w + ' ®wh)
+ (ccu1 + ea)2) ® (a)2 QW + w ®w2)},
where a, b, c and e are given by (3.3). Hence we also get
IVRII> = 2||dk|)? + 2 — k)*(a® + b + ¢ + &)

(3.7)
=2lldp1 > + 201 — p3)*(a@* + b* + % + 7).
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Because R is a Riemannian invariant tensor, VR is an invariant tensor. Also, because E3 = 0/dy
is uniquely determined by the geometry of (M, g) up to sign, w> ® w? is an invariant tensor. Hence
we see from (3.5) and (3.6) that the tensor

0=0@w'+hw?)® W ®w’+w’ 0w
(3.8)
+(cw' +ew?)® W e w + W ®w)

is also invariant. Now because E| and E, are determined up to an orthogonal transformation (with
functional coeflicients), the functions

O(E\,E\,E3) + Q(E2, Ep, E3) = a +e,
3.9
O(Ey, E1,E3) — Q(E1,Ey,E3) =b~—c

are Riemannian invariants up to sign.
The square of the norm IOI> = 2(a* + b*> + ¢* + ¢%) is a Riemannian invariant and hence
(equivalently) ae — bc is a Riemannian invariant. We summarize:

Proposition 3.1. The function ae—bc is a Riemannian invariant, and a+ e and b—c are Riemannian
invariants up to sign (i.e., depending on the orientation of the principal geodesics). Further, the
partial derivative of any Riemannian invariant with respect to y is a Riemannian invariant up to
sign.

Using (1.10), we get

a+e = (In(fA)), = —(In(k - €1%)),,

(3.10) _ .2
b—c=hy= Sk = ed) ).

o

Further we have
(3.11) ae — be = €A% fyy — 2%).
The last formula is obtained by lengthy calculations using (2.52) and the obvious identities
(3.12) (AA))* + Xag® = —el’[(A* — a3)” — a3],
(3.13) A’f] = (FA),A® — (FAXNAA)).
Using (3.11) we see that, in the hyperbolic case,

SA  ficosh(21y) + f> sinh(2Ay) + f3
fo f

is a Riemannian invariant and, in the elliptic case,

(3.14e) JA _ ficosQy) + fosin(2Ay) + f3

5 5

is a Riemannian invariant (assuming f3 # 0 everywhere). (According to (3.10),, fA/h and f3/h are
then Riemannian invariants up to sign assuming h # 0 everywhere.)

(3.14h)
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Next, we give some simple results concerning isometry of Riemannian manifolds with the Ricci
eigenvalues p; = pp and nonzero constant p3 to be used later. Let (M, g) be such a manifold with
the metric g given by (1.8) and let (M, g) be another such manifold with the metric g given by the
orthonormal coframe

o' = fdw, @° =Adx+Cdw, & =dy+ Hdw.
Suppose that there is an isometry @ : (M, g) — (M, g) given by
(3.15) w=ww,x,y), X=3i(w,x,y), J=3Iw,xYy).

Here we use w, X and ¥ as simple notations for w o @, X o ® and y o @, respectively, and we shall
also write simply @' instead of ®*@' fori = 1,2, 3.
Propositions 5.2 and 5.3 from [10] still hold without change. We have:

Proposition 3.2. The equation (3.15) can be reduced to the form
w=ww,x), X=Xx(w,x), y=ey+o¢w,x), &==I,

where ¢ = ¢p(w, x) is an arbitrary function of the variables w and x.

Proposition 3.3. Suppose 8 = ay = 0 on (M, g) and B = ay = 0 on (M, 3). Further, assume that
e —a? # 0orc # 0 holds on (M, g). Then any isometry ® : (M, g) —> (M, g) implies the equalities
i i

o'=¢gd, g==+1, i=1,2,3.

4 The asymptotic foliations and four types of spaces

Recall that the principal geodesics are trajectories of the vector field E3. We introduce two basic
definitions.

Definition 4.1. A smooth surface N C (M, g) is called an asymptotic leaf if it is generated by the
principal geodesics and its tangent planes are parallel along these principal geodesics with respect
to the Levi-Civita connection V of (M, g).

Definition 4.2. An asymptotic distribution on M is a two-dimensional distribution which is inte-
grable and whose integral manifolds are asymptotic leaves. The integral manifolds of an asymptotic
distribution determine a foliation of M, which is called an asymptotic foliation.

Let N be an asymptotic leaf. Then its tangent planes along N can be described by
(4.1) sinpw' +cospw? =0,

where ¢ is a smooth function on N. By the same argument as in [10], we see that, according to the
integrability condition and the asymptoticity condition, the tangent distribution of N satisfies

(4.2) bsin’ @+ (e —a)cospsing —c cos>p =0
and hence

4.3) c(w")? + (e - a)w'w? — b(w?)? =0,
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where a, b, ¢ and e are given by (3.3). Of course, an asymptotic distribution must satisfy these
equations locally on the whole of M. Conversely, any smooth distribution satisfying (4.3) is an
asymptotic distribution. For the details of the proof see Section 6 in [10].

The following proposition is almost obvious.

Proposition 4.3. Let A = (e — a)* + 4bc be the discriminant of the quadratic equation (4.3). Then
we have:

(E) If A <0on (M,g), then there is no real asymptotic distribution on M.

H) If A > 0 on (M, g), then there are exactly two different asymptotic distributions
on M.

(P) If A = 0 on (M, g) and some of the functions e — a, b and c¢ are nonzero at each
point, then there is a unique asymptotic distribution on M.

P& Ife—a =b = c = 0on M, then any n-projectable smooth two-dimensional
distribution on M is asymptotic, where 7 is the projection  : (w, x,y) +— (W, X).

Definition 4.4. A space (M, g) is said to be of type (E), (H), (P) or (P{), respectively, (called also
elliptic, hyperbolic, parabolic and planar type, respectively) if the corresponding case of Proposi-
tion 4.3 holds on the whole of M.

Corollary 4.5. The space (M, g) is of type (P{) if and only if f = €A, C = (A and B = 0, where
& =Ew,x) # 0and ¢ = {(w, x) are arbitrary functions of the variables w and x. Assuming 8 = 0,
(M, g) is of type (P) if and only if f = €A and h # 0.

Proof. The relation e — a = 0 means (f/A);, = 0, b = 0 means 8 = 0, and ¢ = 0 means & = 0. Due
to (1.12)3, 8 = h = 0 means (C /A); = 0. Hence the first part of the Proposition follows. Further,
if (M, g) is of type (P), then (4.3) with » = 0 must be reduced to c(w')?> = 0, i.e., e —a = 0 and
h = —c # 0. Hence the second part follows. 1

In the following two sections we are going to describe explicitly all spaces of all types (E), (H),
(P) and (P¢) in both hyperbolic case (¢ < 0) and elliptic case (¢ > 0). Because we are interested
in the local classification, we investigate only the “pure” cases and not the combined ones in the
sequel. (For a global treatment of some of our geometric types see [21]).

We add some more details:

Proposition 4.6. The equation (4.3) is equivalent with the equation
4.4) /laodx2 + psdxdw — <podw2 =0.

Proof. We can apply the same procedure as in [10] (Proof of Theorem 6.5). Here we use formulas
(2.49) and (2.27) for this purpose. |

Hence we can decide about the type of the space (M, g) according to the following

Proposition 4.7. Let A’ = @s5> + 4dagpq be the discriminant of the quadratic equation (4.4). Then
the analogy of Proposition 4.3 holds if A is replaced by N’.
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Proof. One can show easily that A’ = (FA)2A.

Also, notice that A’ is given alternatively by the formula
@4.5) A =4206% + (i’ - f5)].
Indeed, combining (2.37); with (2.48), we obtain at once
(4.6) s” +4daggo — 412 + (i = /7)1 = 0.

Now, the following Theorem will be crucial for the explicit geometric classification of the mani-
folds of types (H), (P) and (P¢) in Section 5. Its proof is analogous to that of Theorem 6.6 from
[10].

Theorem 4.8. For each manifold of types (H) and (P), there exists a transformation of local coor-
dinates preserving the form (1.8) of the metric and annihilating the functions 8 and ay.

Remark. As concerns the type (P£), we have 8 = 0 and hence ap = 0 (in a neighborhood of p)
by definition. Thus for every space (M, g) of type (H), (P) or (P{) we can assume 8 = ag = 0.
Conversely, from (4.3) or (4.4) we see that 8 = ag = 0 always implies that (M, g) is one of the types
(H), (P) and (P?).

In this final part of this Section we prove some geometric results on asymptotic foliations.
Propositions 6.10 and 6.11 from [10] still hold without change. We have:

Proposition 4.9. If h = 0, then (M, g) is of type (H), (P) or (P{). On a space of type (H), h = 0
means that the asymptotic foliations #, and %, are mutually orthogonal.

Proof. The relation & = 0 means b = ¢ and hence (e — a)? + 4bc > 0. In the type (H), the equation
(4.2) means 2bcos(2p) + (a — e)sin(2¢) = 0. Hence if ¢ characterizes one of the asymptotic
foliations, then ¢ + 7/2 characterizes the second one. From (4.1) we see that both foliations are
mutually orthogonal. i

Proposition 4.10. Let the metric g be of one of the types (H), (P) and (P{) expressed in such a
coordinate system that B = ag = 0. If o = 0, then at least one of the asymptotic foliations is totally
geodesic.

Proof. Because b = 0, formulas (3.4) show that span{E;, E3} is an asymptotic distribution. But the
corresponding asymptotic foliation is totally geodesic if and only if Vg, E, € span{E», E3}, that is
a=0.

5 The explicit classification of asymptotically foliated spaces
In this section we shall explicitly classify all spaces of types (H), (P) and (P£). Moreover, we shall
answer the question how the distinct locally isometry classes can be parameterized. In this section

we always assume 3 = ap = 0, which is allowed by Theorem 4.8 (see Remark 4).
We shall start with some general results.
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Proposition 5.1. For types (H), (P) and (P{), the coefficients A, C and f from (1.8) can be expressed,
in the hyperbolic case, by

A = pcosh(dy) + g sinh(1y),
(5.1h) { C = rcosh(Ay) + ssinh(1y),
f = tcosh(dy) + u sinh(1y)
and, in the elliptic case, by
A = pcos(dy) + g sin(1y),
(5.1e) § C = rcos(dy) + ssin(Ay),
f = tcos(Ay) + usin(ly),
where p, q, 1, s, t and u are functions of the variables w and x such that
(5.2) Algr — ps) = h.

Moreover, if h # 0, we may assume h = 1 and H = x, and if h = 0 on an open subset, we may
assume H = 0 on this subset.

Proof. Because 8 = ap = 0, the equation (B1) implies A;’y = —€A?A, and the equations (B3) and
(C3) together with (1.13) imply C}| = —€A?C and Ny = —€eA%f, respectively. The formula (5.2)
follows from (1.12), and (5.1he) because 4 = H} and 8 = 0.

It remains to prove the last part. If 2 # 0, then H’, # 0 and one can introduce the new variable
X = H(w, x) instead of x. Then we get our orthonormal coframe in the standard form

AH/,
w' = fdw, a)2=%di+(C— hw )dw, w® =dy + xdw.

Let now 4 = 0 on an open subset. Because H depends only on w, we get w> = dj, where

)‘/:y+fHdw. i

In the sequel we put
D =p,, -1, — AqH,
(5.3)
&=gq,,— s, +elpH.
(Thus € is different for the hyperbolic case and for the elliptic case.)

Proposition 5.2. The differential equation (Al) is satisfied if and only if the following equation
holds:

54) uD-tE€=0.
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Proof. Substituting from (5.1he) into (1.12) we get, in the hyperbolic case,

A}, — C, — HA{ _ Dcosh(dy) + € sinh(1y)
f "~ tcosh(1y) + usinh(1y)

(5.5h) Aa =

and, in the elliptic case,

(5.5¢) Aa = Ay —CL—HAy D cos(ly) + € sin(Ay)
. B f ~ tcos(dy) + usin(ly)

where D and € are given by (5.3). Because 8 = 0, the equation (A1) simply means that Aa does
not depend on y and hence (5.4) follows. |

Proposition 5.3. Assume that (A1) is satisfied and

5.6) Aa=v, v=vw,x).

Then (A2) is satisfied if and only if

(5.7) Agt, — pu’) = hv.

Proof. We have first, using (1.13); and (5.6), in the hyperbolic case,

[ —vC
R=xff-Ca=L22C AV

_ (t, —rv)cosh(dy) + (u} — sv) sinh(1y)
B p cosh(dy) + g sinh(Ay)

and, in the elliptic case,
e
A
_ (1 = rv)cos(Ay) + (u), — sv) sin(dy)
a p cos(Ay) + g sin(Ady)

R=xffi-Ca=

But the equation (A2) means that R does not depend on y, and (5.7) follows from (5.2). |

Now we can state the “converse” of Proposition 5.1.

Proposition 5.4. Let p, q, r, s, t and u be arbitrary functions of the variables w and x. Define the
functions A, C and f by (5.1he), and let H = H(w, x) be any function satisfying
(5.8) H,. =h=A(gr - ps).

If the equations (A1) and (A2) are satisfied, then (1.8) defines a foliated metric of type (H), (P) or
(P¢).

Proof. Substituting from (5.1he) and (5.8) into (1.12), we obtain 8 = 0. Hence, (B1) holds and
(C1) is trivially satisfied. Since (1.13), 5 reduce to § = f; and T =C ;, respectively, (B3) and (C3)
hold as a consequence of (5.1he). From Section 2 we know that the equations (B2) and (C2) are
consequences of the other equations. As for the equation (A3), we can use Remark 2. Thus, the
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basic system of partial differential equations for the coefficients of (1.8) is reduced to the equations
(A1) and (A2). Because b = 8 = 0, Proposition 4.3 shows that the metric must be of one of the type
(H), () or (P0). 1

Because b = 8 = 0, the equation (4.3) for an asymptotic distribution reads
(5.9) w'(cw' + (e —a)w?) =0

or, equivalently, by (3.3) and (1.12), together with 8 = 0,

(5.10) ' ((%);wl —(%) wz) = 0.
y

We see that the equation w' = 0 defines an asymptotic distribution span{E,, E3}, whose integral
manifolds (the asymptotic leaves) are given by the equation w = constant. From (3.4) it follows
at once that this foliation is totally geodesic if and only if the function @ from (1.12) vanishes
identically. We distinguish two geometric situations on the spaces of types (H) and (P). We say a
space of type (H) or (P) is singular or generic according to if the asymptotic distribution given by
the equation w' = 0 is totally geodesic or not; or, equivalently, according to if @ = 0 or a # 0.

5.1 The non-orthogonally foliated spaces of type (H)

Suppose now that the space (M, g) is of type (H) and the asymptotic foliations .%| and .#, are
nowhere mutually orthogonal. From (5.10) we see that then necessarily (f /A); # 0 and (C/A); # 0.
Using (5.1he) we see that this is equivalent with the inequalities pu — gt # 0 and ps — gr # 0.

Theorem 5.5. The metric of a three-dimensional non-orthogonally foliated generic space of type
(H) is locally determined, in the hyperbolic case, by an orthonormal coframe

w' = [tcosh(y) + usinh(ly)]dw,
(5.11h) W = [p cosh(Ay) + g sinh(Ady)]dx + [r cosh(Ay) + s sinh(Ay)]dw,
W =dy+xdw
and, in the elliptic case, by an orthonormal coframe
w' = [tcos(Ay) + usin(Ay)]dw,
(5.11e) { &? = [p cos(Ay) + g sin(Ay)]dx + [r cos(Ay) + s sin(Ay)]dw,
W’ =dy + xdw,

where p, g, r and s are arbitrary functions of the variables w and x such that A(ps — qr) = 1, and t
and u are calculated from p, q, r and s as follows:

Put (as a special case of (5.3))

(5.12) D =p), —r.—Agx, €& =gq,,— 5, +e€px.
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If € #0, then

_uD
==
(5.133) | 1/2
u=exp(7dex)[erxp(—dex)dx] ,
where
2q(D.€ - DEY) 282
5.14a) P = L o= 2"
( ) €&@D-p&) Q AgD-pé&)
If D # 0, then
| 172
t:exp(—fl_’dx) erxp(—f}_’dx)dx] ,
(5.13b) 2
u = i
D b
where
L pDE-DE) . oD
5.14b) P = , =
( ) D@D -p&) ¢ AgD-pé)

The local isometry classes of the metric (5.11he) are parameterized by three arbitrary functions of
two variables modulo two arbitrary functions of one variable.

Proof. According to the second part of Proposition 4.9 we have 4 # 0 and according to Proposi-
tion 5.1 we can assume H(w, x) = x and 4 = 1. Then (5.11he) follows from (5.1he) and (1.8). By
(5.5he), the condition a # 0 implies D # 0 or £ # 0. Further we have ¢ D — p € # 0, which follows
from (5.4) and a condition pu — gt # 0 for the non-orthogonal foliation.

In the following we will assume that & # 0. (The case D # 0 is completely analogous). We
express (5.4) in the form r = uD/E and substitute into (5.7). Here v = &£/u, which follows from
(5.5he) and (5.6). We obtain from (5.7) that

(5.15) (). - Pu* = Q,

where P and Q are functions given by (5.14a). Finally, we can solve (5.15) by the standard method
of “variation of constants”. This proves the first part of Theorem 5.5.

We now prove the statement about the local isometry classes. Let (M, g) and (M, g) be two
spaces with the metrics of the form (5.11he) and let ® : M — M be an isometry. We shall
denote the corresponding functions and forms for (M, g) by bars and we make the usual conventions
(see the end of Section 3). Because b = 0 and & # 0, (3.10), implies ¢ # 0 and we can use
Proposition 3.3. Let us assume, for simplicity, €, = €3 = 1 (for the other signs, the argument is
similar). We get first @' = ew' and hence there is a function @ = @(w) of the variable w only such
that

(5.16) w=¢, dw=¢ dw.
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The equation @® = w® means d(j—y) = (x—X¢’)dw, i.e, there is a function y = y(w) of the variable

w only such that

x =y

¢
Finally, we substitute from (5.16) and (5.17) into the equation @
of dx and dw, respectively, we obtain, in the hyperbolic case,

P = ¢'[pcosh(Ay) — g sinh(W)],

g = ¢'[q cosh(Ay) — p sinh(AY)],

S.17) y=y+y, x=

2 = w?. Comparing the coefficients

5.18h —pxX ¢ —gx ¢
OIS 5 TP haw) - 2 Gonag),
¥
s = q%,,¢’ - pxy

5=
’

cosh(Ay) — rT sinh(Ay),

where X/, can be calculated from (5.17);. In the elliptic case we obtain analogous formulas (5.18e)
in which “cosh” and “sinh ” are replaced by “cos” and “sin” respectively. Further, we always have
A(gr — p5) = A(gr — ps) = 1. The formulas (5.16), (5.17) and (5.18he) show that the functions w, ¥,
¢ and ¥ of one variable. Thus each local isometry class depends on two arbitrary functions of one
variable.

This completes the proof. i

Remark. The isometry part of Theorem 5.5 (and of some other theorems which follow) can be
stated more precisely using the concept of germs (cf. [18]).

Remark. In Theorem 11.38 of [3] the formulas (11.114) contain a misprint. The coefficients 2
should be in the numerators (not in the denominators) of the formulas for the both functions P and

0.

Theorem 5.6. The metric of a three-dimensional non-orthogonally foliated singular space of type
(H) is locally determined, in the hyperbolic case, by an orthonormal coframe

w' = [tcosh(dy) + u sinh(y)]dw,
(5.19h) W = [p cosh(Ay) + (¢ — p) sinh(Ay)]dx + r[cosh(Ay) — sinh(Ay)]dw,

W= dy + Hdw,

where ¢ = @(w, x) is an arbitrary nonzero function of the variables w and x such that (In|¢|), . # 0
on an open set, and

_ 1 (Inlely,  [AnlDil*  w

277 T g 224 o’

p o Anleby, o Anleby,
A2p Pl
where W = Y(x) is an arbitrary function of the variable x. Further, t can be chosen as an arbitrary

function of the variables w and x, and u = | (¢/p — Dt dx.
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Proof. The singularity condition @ = 0 implies D = & = 0. Our necessary conditions are
pl,—r.—AgH =0,
dy — S, — ApH =0,

(5.20h)
H. + A(ps—qr) =0,

pu} — qt,, = 0.
We write w? = A dx + C dw in the form

W = %[(p + e + (p — e V]dx + %[(r + )6V + (r = 5)e D dw.

We see that either p+¢g # 0 or p—q # 0 on some open set because A # 0. Assume that p+q # 0 (the
other case is analogous). Taking a new variable X = X(w, x) (instead of x) as a potential function of
the Pfaffian equation (p + g¢)dx + (r + s)dw = 0, we can put r + s = 0. Then (5.20h),_3 are rewritten,
in the standard notation, as

_r;c+p:v _/qu =0,
(5.21h) { ¥, +ql, — ApH = 0,
H.—Ap+qr=0.

Here we choose ¢ = p+g¢ as an arbitrary nonzero function such that (In |¢]);; . # 0. By (5.21h); ,
we get first H = (Inl¢|);,/A and hence & = H. # 0 (hyperbolicity condition). Further, by (5.21h)5,
r = (Inlg))?,./(A2¢). Now (5.21h); means p/, + (In|g|)/,p = ¢/, + r., which can be solved by the
standard method of “variation of constants”. Finally the function ¢ is chosen as arbitrary and u is
calculated from (5.20h),. |

Theorem 5.7. The metrics of three-dimensional non-orthogonally foliated singular spaces of type
(H) belong, in the elliptic case, to one of the following two classes:
Class 1. The metric is locally determined by an orthonormal coframe

w' = [t cos(Ay) + u sin(Ay)]dw,
(5.19¢-1) W’ = [p cos(Ay) + g sin(Ay)]dx + s sin(Ay)dw,
w’ = dy + Hdw,

where H is an arbitrary function of the variables w and x such that HH', # O, p is any non-trivial
solution of the second order partial differential equation

" Py~ 5P+ PHp+ 2 =0,

H, HH' HH’,

q = p;,/(AH) and s = —H’,/(Ap). Further, t can be chosen as an arbitrary function of the variables
w and x, and u = fpivt;/(/lpH) dx.
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Class II. The metric is locally determined by an orthonormal coframe
w' = [cos(Ay) + usin(Ay)]dw,

(5.19¢-2) W = sin(Ady)dx + [ cos(dx) — ¢ sin(Adx)] cos(Ay)dw,
w? = dy + [¢ cos(Ax) + ¢ sin(Ax)]dw,

where u is an arbitrary function of the variables w and x, and ¢ = p(w) and y = Yy(w) are arbitrary
functions of the variable w such that ¢* + y* # 0.

Proof. The singularity condition @ = 0 implies again D = € = 0. Our necessary conditions are
now

p,, —1r.—AgH =0,
g, — Se+ ApH =0,

(5.20e)
H. + A(ps — qr) =0,

pu, — qt,, = 0.

Taking a new variable X = X(w, x) as a potential function of the Pfaffian equation pdx + rdw = 0,
we can put r = 0. We distinguish two cases: p # 0 and p = 0.

Case 1. The function p is nonzero on some open set. Let H be an arbitrary function of the
variables w and x such that HH’, # 0. Then, from (5.20e); with r = 0 and (5.20e)3, we obtain

Py __H;

521 = ) - s
(5.21e) ¢ " 1

respectively. Substituting (5.21e) into (5.20e),, we obtain
H HH’ HH
[P TP UHp =0,

(5.22¢) pify — p

which is a second order partial differential equation for p. According to the Cauchy-Kowalewski
Theorem, the general solution of (5.22¢) depends on two arbitrary functions of one variable. Now
the functions g and s are calculated by (5.21e). Finally let ¢ be an arbitrary function of the variables
w and x. Then we obtain u from (5.20e), by integration.

Case 11. The function p is identically zero on some open set. In this case we have g # 0 because
A # 0. The necessary conditions (5.20e) reduce to

r.+ AgH =0,

dy — 5 =0,
(5.23¢)

H, - Aqr =0,

t.=0.

The equation (5.23e), means that gdx + sdw is an exact differential form. Let X = X(w, x) be
a new variable such that dx = gdx + sdw. Further, let w = w(w) be a new variable satisfying
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dw = tdw. Then, taking the new system of coordinates (w, ¥, y) (which we denote again as (w, x, y))
we can make ¢ =t = 1 and s = 0 in (5.1he). The equations (5.23¢), 3 read H), + A2H = 0, hence
H = ¢ cos(Ax) + ¢ sin(Ax), and from (5.23e)3 we get r = i cos(Adx) — ¢ sin(Ax), where ¢ = ¢(w) and
¥ = y(w) are functions of the variable w such that ¢ + ¢ # 0. |

Remark. In Class I, if we choose the basic functions H and p as depending only on x, we can
obtain a family of metric in an explicit form.

5.2 The orthogonally foliated spaces of type (H)

For the metrics of type (H) it may also happen & = 0 everywhere (and thus H = 0 due to Propo-
sition 5.1), which means, according to Proposition 4.9, that the asymptotic foliations are mutually
orthogonal. This case was excluded in the previous section. As we see from (5.9), one of the
asymptotic distributions is given by the equation w' = 0. Consequently, the second must be given
by the equation w? = 0. Thus, the equation (5.10) implies that (C/A);, = 0. Hence, there exists a
function u = u(w, x) of the variables w and x such that C = yA, and hence, in the hyperbolic case,

w' = [t cosh(dy) + u sinh(y)]dw,
Ww? = [p cosh(dy) + g sinh(Ay)](dx + udw),
W = dy
and, in the elliptic case,
w' = [tcos(Ay) + usin(y)]dw,

w? = [pcos(dy) + g sin(Ay)](dx + pdw),

Introducing the new variable X instead of x, where X = X(w, x) is a potential function of the Pfaffian
equation dx + udw = 0, we get C = 0.
The conditions (5.4) and (5.7) now read (in the standard notation)

up}, — tq,, = 0,
(5.24)
pu, —qt, = 0.

Moreover, we must have pu — gt # 0, otherwise the metrics would be not of type (H). We put
¢ = pu — gt and rewrite (5.24) in the equivalent form

up,, —tq,, = 0,
(5.25) { up—tq, = ¢,

pu—qt=g¢.

Again we distinguish two geometric situations: the generic case and the singular case.
We first treat the generic case where the asymptotic distribution given by the equation w' = 0
is not totally geodesic. We remember that this requirement is equivalent to @ # 0.
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Theorem 5.8. The metric of a three-dimensional orthogonally foliated generic space of type (H) is
locally determined, in the hyperbolic case, by an orthonormal coframe
w' = [t cosh(dy) + u sinh(y)]dw,

(5.26h) W = [p cosh(Ay) + g sinh(Ay)]dx,

and, in the elliptic case, by an orthonormal coframe
w' = [tcos(Ay) + usin(y)]dw,

(5.26e) { w? = [pcos(dy) + ¢sin(Ay)]ldx,
W = dy,

where p and q are arbitrary functions of the variables w and x satisfying pq,, — qp,, # 0, and t and
u are calculated from p and g by

527) 1= —2Pw o v
P4w — 4Pw P4w — 4Pw
where
(5.28) lg| = exp ( f Lol = Puy ),
Pqw — Pwq

The local isometry classes are parameterized by two arbitrary functions of two variables modulo
two arbitrary functions of one variable and a real parameter.

Proof. The requirement « # 0 is equivalent to pg], — gp;, # 0. Indeed, if & # 0, then, by (5.3) and
(5.5he), D = p!, or & = ¢, is different from zero. Together with the condition pu — gt # 0 and
(5.25)1, this implies pgq,, —gp;, # 0. Conversely, if pg;, — qp,, # 0, then at least one of the functions
D and € is nonzero, and hence « # 0.

From (5.25); and (5.25)3 we can then express ¢ and u by the Cramer’s rule. We obtain (5.27).
Substituting from here in (5.25),, we have a differential equation for the function ¢:

N A S
=
P4w — 4Pw
which can be solved explicitly in the form (5.28).
The assertion about the local isometry classes can be proved exactly in the same way as we did
for non-orthogonally foliated spaces of type (H). 1

It remains the singular case where the asymptotic distribution given by the equation w' = 0 is
totally geodesic.

Theorem 5.9. The metric of three-dimensional orthogonally foliated singular spaces of type (H)
belong to the following two classes:
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Class L. The orthonormal coframe is given, in the hyperbolic case, by
w' = [tcosh(y) + usinh(ly)]dw,

(5.29h) { w? = [cosh(Ay) + ¢ sinh(1y)]dx,

and, in the elliptic case, by
w' = [tcos(Ay) + usin(Ay)]dw,
(5.29¢) { w? = [cos(Ay) + ¢ sin(y)]dx,
W’ = dy,

where q is an arbitrary function of the variable x, t is an arbitrary function of the variables w and

x, and the function u has the formu = | gt dx.

Class II. The orthonormal coframe is given, in the hyperbolic case, by
w' = [cosh(Ay) + u sinh(2y)]dw,
(5.30h) { w? = sinh(1y)dx,
W =dy
and, in the elliptic case, by
w' = [cos(Ay) + u sin(Ay)]dw,
(5.30e) { w? = sin(y)dx,
W = dy,
where the function u is an arbitrary function of the variables w and x.
Proof. We have p;, = ¢;, = 0. Hence (5.24), ; reduce to only one equation
pu', — gt = 0.

If p = p(x) # 0, then we can make p = 1 in (5.1he). Indeed, we choose a new variable X = X(x)
satisfying dx = p dx. Hence we have u = f gt dx for arbitrary functions g = g(x) and 7 = #(w, x).

If p = 0, then necessarily ¢ = g(x) # 0. Here, we can make ¢ = 1 in (5.1he). Further, choosing
a new variable w = w(w) satisfying dw = ¢tdw, we can make ¢ = 1 in (5.1he). The function u is an
arbitrary function of the variables w and x. i

Remark. (1) In all cases we shall ensure, by choosing proper initial conditions, that ¢ = pu—gt # 0.
(2) The asymptotic distribution given by the equation w? = 0 is totally geodesic if and only if
t, = u’, = 0 in the above expression.
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5.3 The spaces of type (P)

The only asymptotic distribution on any space of type (P) is defined by the equation w' = 0.

According to Corollary 4.5 and Proposition 5.1, all we have to assume is H = x, h = 1 and the
parabolicity condition f = £A with some nonzero function & = &(w, x) of the variables w and x.
Thus the only algebraic relations for the basic functions are

(5.31) Algr—ps)=1
and
(5.32) t=¢&p, u=¢&q.
Now, we put
D = A(p'q — pqy):
(5.33)
E = AIpg), = pyg + Aep” + g)xl.

(Here E is different for the hyperbolic case and for elliptic case). Taking use of (5.7) and (5.32), we
can rewrite (5.6) as

(5.34) éD =v.
We can also rewrite (5.4) as
(5.35) gD -pé& =0,
which means

Mps, = gr) = E
or, due to (5.31),
(5.36) A(g,.r—pls)=E.

Theorem 5.10. The metric of a three-dimensional foliated generic space of type (P) is given, in the
hyperbolic case, by

w' = &[p cosh(dy) + ¢ sinh(y)]dw,

(5.37h) W = [p cosh(Ay) + g sinh(Ady)]dx + [r cosh(Ay) + s sinh(Ady)]dw,
W = dy + xdw

and, in the elliptic case, by
' = Epeos(Ay) + gsin(Ay)ldw,

(5.37e) W = [p cos(Ay) + g sin(Ay)]dx + [r cos(Ay) + s sin(Ay)]dw,

W’ =dy + xdw,
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where p and q are arbitrary functions of the variables w and x, qp’, — pq’. # 0, and

poPmpE o G4
(5.38) b
: ’ ’ 1/2 ’ ’ 1/2
é:: pw_rx_/qu / — qw_sx_E/lpx /
pD gD '

The local isometry classes are parameterized by two arbitrary functions of two variables modulo
two arbitrary functions of one variable.

Proof. According to (5.6), (5.34) and (5.33), @ # 0 holds if and only if D # 0 or, equivalently,
qr% — pqx # 0.

The relations (5.31) and (5.36) form a system of linear algebraic equations for r and s with the
coefficients depending on p and g only. Hence we get the expression (5.38); , by the Cramer’s rule.
Now, the equations (5.5he), (5.6) and (5.34) imply that €D = D/(ép) = £/(£q), from which we can
determine ¢ in the form (5.38);. Because either p # 0 or ¢ # 0, at least one expression for & is
correct. Let us notice that the functions p and g only have to satisfy certain differential inequalities
and thus p and g can still be considered as arbitrary functions of two variables.

The assertion about the local isometry classes can be proved exactly in the same way as we did
for the type (H). |

Theorem 5.11. The metric of a three-dimensional foliated singular space of type (P) is given, in
the hyperbolic case, by

w' = &p cosh(Ay)dw,
(5.39h-1) { w’® = p cosh(Ady)dx + [r cosh(Ay) + s sinh(Ady)]dw,

W’ =dy + xdw

with
(5.40h-1) [ A l’}ff
r:—m+gp, s:—l\/m
or
w' = &g sinh(1y)dw,
(5.39h-2) [ w? = g sinh(Ay)dx + [r cosh(Ay) + s sinh(Ady)]dw,
W =dy+xdw
with
(5.40h-2) [ Vi - o x
r=A4 \/m, §=————+4¢
2\ — 222
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and, in the elliptic case, by
w' = &p cos(Ay)dw,

(5.39%¢) W’ = pcos(Ay)dx + [rcos(dy) + s sin(Ay)]dw,
W = dy + xdw,

with

1
p:

(5.40¢) V‘”_ﬁxz’

: X
R . S By P
r » w—/lzxz + ¢ Ky 1/ X

where & = &(w, x) is an arbitrary nonzero function of the variables w and x, and ¢ = @(w) and
Y = y(w) are arbitrary functions of the variable w.

Proof. The requirement « = 0 is equivalent to gp’, — pq’, = 0.

In case that p # 0 we see from (¢/p)’,. = 0 that ¢ = kp for some function « = k(w) of the variable
w. In the hyperbolic case, taking a function 8 = 6(w) of the variable w such that tanh 6 = «, we
consider new variables X = x — 6’ /1 and y = y + 6/A. In the coordinates (w, X, y), the orthonormal
coframe (5.37h) is expressed as

w' = &p V1 — &2 cosh(Ay)dw,
W = p V1 — k% cosh(Ay)dx + [F cosh(Ay) + 5 sinh(Ay)]dw,
W =dy + xdw

with 7 = rcosh — ssinh@ — p V1 — 2 §” /2 and 5§ = scosh — rsinh 6. In the elliptic case, taking
a function 6 = 6(w) € (—n/2, n/2) of the variable w such that tan 8 = x, we consider new variables
X=x+6/1and y = y — 0/A. In the coordinates (w, X, y), the orthonormal coframe (5.37¢) is
expressed as

w' = EpV1 + K2 cos(Ay)dw,
w? = pV1 + &2 cos(Ay)dx + [F cos(1y) + 5sin(A7)]dw,
W =dy + xdw

with 7 = rcos@ — ssinf + pV1 +«%>60”/2 and § = scosf — rsinf. Thus we can put ¢ = 0 in
(5.37he) and we obtain (5.39h-1) and (5.39e), respectively. Then the equations (5.36), D = 0 and
(5.31) reduce to

spl. = —eAp’x,
(5.41) % ¥ =pi,

Aps = —1.
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The equations (5.41); and (5.41); imply p’. = €A?px, hence we obtain (5.40h-1) and (5.40e) with
arbitrary functions ¢ = ¢(w) and ¢ = ¥(w) of the variable w.

If p = 0 identically, we have ¢ # 0 because A # 0. The equations (5.36), & = 0 and (5.31)
reduce to

rq), = Aq’x,
(5.42) S; = q:V,
Agr = 1.

The equations (5.42), and (5.42); imply ¢/, = A>p’x, hence we obtain (5.40h-2) with arbitrary
functions ¢ = ¢(w) and ¥ = Y(w) of the variable w. We notice that we obtain a new class of
metrics, (5.39h-2), in the hyperbolic case, but not in the elliptic case. Indeed, in the elliptic case,
taking a new variable y = y + /(21), we can reduce the second case p = 0 to the first one. |

5.4 The spaces of type (P¢)

We are now left with the type (P{) in which there are no singular solutions.

Theorem 5.12. The metric of a three-dimensional foliated space of type (P{) is locally determined,
in the hyperbolic case, by an orthonormal coframe

w' = £sinh(1y)dw,

(5.43h-1) { w* = sinh(1y)dx,

or
w' = £cosh(ly)dw,
(5.43h-2) { w’ = cosh(1y)dx,
w? =dy
and, in the elliptic case, by an orthonormal coframe
w' = Esin(Ay)dw,
(5.43¢) { w? = sin(y)dx,
W = dy,

where & = &(w, x) is a nonzero function of the variables w and x. The local isometry classes are
parameterized by the function & modulo two arbitrary functions of one variable.

Proof. According to Corollary 4.5, we have f = ¢éA, C = {A and ag = 0, and we get 1 = 0. We can
write due to (5.1he)

(5.44) t=¢p, u=é&q
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and

545 r=<{¢p, s=1q.

If we substitute (5.44) and /4 = 0 into the equation (5.7), we obtain
(5.46) piq - pq; =0.

Substituting in (5.4) from (5.3), and using (5.45) and (5.46), we get
(547) pLq-pq,, =0.

In case that g # 0, (5.46) and (5.47) imply that p/q is a constant, say a. We can express the
orthonormal coframe (1.8) in the form, in the hyperbolic case,

w' = &gla cosh(ly) + sinh(1y)]dw,
w? = glacosh(1y) + sinh(1y)](dx + Zdw),
W = dy

and, in the elliptic case,
w' = &qlacos(Ay) + sin(Ay)]dw,
W = gla cos(Ay) + sin(dy)](dx + Zdw),
W’ = dy.

Taking a constant w € R such that tanh w = a in the hyperbolic case, and w € (—x/2, 7/2) such that
tan w = a in the elliptic case, we obtain, in the hyperbolic case,

acosh(ly) + sinh(dy) = V1 - a? sinh(y + w)
and, in the elliptic case,
acos(Ay) + sin(ly) = Vita? sin(Ay + w).
Hence, substituting the new variable y = y + w/A, we obtain, in the hyperbolic case,
w! = £gV1 = a? sinh(17)dw,
(5.48h) | w? = g V1 — a2 sinh(Ay)(dx + Zdw),
W =dy
and, in the elliptic case,
o' = &g V1 + a? sin(5)dw,
(5.48¢) | w? = g V1 + a2 sin(Ay)(dx + Zdw),
3

w” =dy.
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Let us introduce the new variable ¥ = X(w, x) as a potential function of the Pfaffian equation dx +
{dw = 0. Then we can write (5.48he) in the form, in the hyperbolic case,

o' = usinh(Ay)dw, w* = gsinh(Ay)d%, ©* =dy

and, in the elliptic case,

o' = usin(y)dw, > = gsin(AP)dx, o° =dy.

Now, solving a first order linear partial differential equation, we can find a function 8 = 8(w, X)
such that (cos 6)udw + (sin 8)gdx is (locally) a total differential, say dX. Using a new orthonormal
coframe {@', @2, W}, where @' = (sinOw' — (cos Ow?, @* = (cos Hw' + (sin O)w?, and denoting
by W a potential function of the Pfaffian equation (sin @)udw — (cos §)gdx = 0, we obtain, in the
hyperbolic case,

@' = Esinh(15)dW, @* = sinh(Ay)dX
and, in the elliptic case,
@' = Zsin(Ay)dW, @* = sin(1y)dX,

which gives (5.43h-1) or (5.43¢) up to notation.
If now ¢ = 0 identically, we obtain, in the hyperbolic case,

w' = £pcosh(Ay)dw, w® = pcosh(Ay)(dx + Zdw), «® =dy

which can be reduced to the form (5.43h-2). In the elliptic case we get

w' = &pcos(y)dw, w? = peos(Ay)(dx + fdw), w® =dy
and this is again reduced to (5.43e) after the substitution y = y + 7/(24).

Next, we look at the local isometry classes of metrics of the form (5.43h-1), (5.43h-2) or (5.43e).
Because of the geometric meaning of the foliation variable ¥ and the specific form of (5.43h-1),
(5.43h-2) or (5.43e), it follows easily that for two isometric metrics of the form (5.43h-1), (5.43h-2)
or (5.43e) the foliation variable will be the same, possibly up to sign. But then we see that the
problem of characterizing the local isometry classes of the metrics (5.43h-1), (5.43h-2) or (5.43e)
is (locally) the same as to classify the surfaces in E* up to an isometry. This problem was solved (in
the analytic case) by E. Cartan: the set of all surfaces in E*> which are (locally) isometric to a fixed
generic surface M C E3 depend on two arbitrary functions of one variable ([4], Part 2, Problem 5).

5.5 Spaces whose scalar curvature is constant along principal geodesics

In [10] and [3], Chapter 6, one constructs a class of (singular) parabolic semi-symmetric spaces for
which the scalar curvature is constant along each principal geodesic. This cannot happen for the
pseudo-symmetric spaces of nonzero constant type as the following Theorem shows.

Theorem 5.13. Let (M, g) be a three-dimensional foliated pseudo-symmetric space, and let the
scalar curvature Sc(g) be constant along each principal geodesic. Then (M, g) is a non-elliptic
space of type (H) or an elliptic space of type (E).
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Proof. Because the scalar curvature Sc(g) is given, in the hyperbolic case, by

L~ 20 2 20 2
S — 2k 4¢ = — — 6/1 = B 6/1
c(g) =T Jicosh(dy) + fa sinh(1y) + f3

and, in the elliptic case, by

Sc(g) = 2k + 4¢ = J%—Z + 622
200 2
= + 6417,
Jf1cos(2Ay) + f>sin(2y) + f3
our condition means that f; = f» = 0, and hence A’ = —edA? f32 due to (4.5). Hence, according to

Proposition 4.7, the assertion follows. i

Remark. For some detailed study on our spaces whose scalar curvature Sc(g) is constant along
each principal geodesic, we refer to [14] and [13].

6 The quasi-explicit classification of spaces of elliptic type

The spaces of elliptic type are much more difficult to deal with because the coefficients A, f and C
in (1.8) cannot be expressed in general in the form of linear combinations of cosh(Ay) and sinh(Ay);
or of cos(Ay) and sin(Ay). We are not able to solve the classification problem explicitly, but we can
still prove the local isometry classes of metrics depend on essentially three arbitrary functions of
two variables. Also, we give an example of explicit family of metrics depending on two arbitrary
functions of two variables.

We see first that the functions ag and ¢q are always nonzero on a space of type (E) (cf. (4.6)).
Also, we must have & # 0. (If & = 0, then b = c in (3.3) and hence A > 0 in Proposition 4.3.) From
(2.24he) and (2.5he) we see that

(6.1) ela* —as?) +a® <0, e(pr® —¢3?) +¢? <0,
and, from (4.5), we have

(6.2) e(fi? - ) + fo* <0.
We start with the following simplification:

Proposition 6.1. Every metric g of type (E) can be expressed locally, using the convenient coordi-
nates and convenient coframe, in the form (1.8), where f, =0, a, # 0 and b, = 0.

The proof is a modification of that of Proposition 8.1 from [10] using the fact that fA/fz is
a Riemannian invariant (¢f. (3.14he)). Notice that the two cases in Proposition 8.1 from [10] are
reduced to one case only. In fact, if f, = a» = 0, then, making substitution y = y + 1, we have
a, # 0.

Now we study the “fine structure” of the partial differential equations

(Al) (Aa/); +8,.=0
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and
(A2) R, =B, =0

with 8 # 0, that is, we shall write (A1) and (A2) as a system of partial differential equations for
functions of two variables only.

‘We substitute into (A1) the function A« in the form
_
2fA

which follows from (1.12) and (1.10), and the function 8 in the form 8 = Aag JA? (see (2.22)).
Taking the common denominator 2A%( fA)2 and using (2.6he), (2.23he) and (2.28he), respectively,
we obtain the numerator of the left-hand side of the equation (A1) as a linear combination of ¢,
c2s, c2, ¢s, ¢, s and 1, where ¢ = cosh(24y) and s = sinh(241y) in the hyperbolic case; ¢ = cos(21y)
and s = sin(21y) in the elliptic case. Each coefficient of this linear combination depends on w and
x only, and thus it must vanish if (A1) is satisfied. This gives seven partial differential equations

which are linear with respect to a’ox, a’lx, a’2x, aéx, Vi, V, and V3, where

Aa = (A2, = 2400, + LG (A%, — HAY,

v’

Vi =4, —2b|, — 2AHay,
(6.3) { Vo =d), —2b, +€2AHay,
V3 =dj, — 205,
Using the formula (2.24he) in the form
6.4) ap® = ~e(a” - a3*) - ar?
and its derivative
(6.5) apay, = —€(aa, — azay,) — ardj .,

we can eliminate the derivative a(_ in all equations. We obtain the final form of the equation (A1)
as the system of partial differential equations

3 3

(6.6) Z agPl Vi + Z 0d. =0, a=12,...7,

i=1 i=1

where

P} = 2a1a2f5, Pt = (a1® - ear®) f5, P} = 2a1ax f,

P; = (a12 - 66122)f3, P% = —2eaa; f3, Pg = —(al2 - 6a22)f1,
Py = 2ara3 3, P; = (ai” - ea*)fi +2a1a3f5,  Pi = 2aasfi,

Py =ajazfs, P; = —eax(aifi + az f3), P = —ajazfi,

Pi = 2a1af5, P =-2a1a3fi — (eax® + az*)f3, Pi=-2a1a2fl,

Pi = (a* + eas))fs, Pg=—2aasfi, P} = —(ar* + easHfi,
Pl = 2aa3f5, P} = —(ear® + a3H)fi, P} = 2axa3f,
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0! = —aparbs fi + aparby f5 + (a2® — eas®) fi%,

0} = —ag(a1bs — azby) fi + aparby f5 + aras fi?,
1 _ b _ 2 2 2 _ 2

Q5 = —apaxb1 fi — earaz fi” + 2(ax” — €az”) fi /3,
1

Q, = —apazbi f3 + ara2 f1 /3,

0% = 2apab f3 — (a2 — €az)) 3> + 2eaias fi f5,

1 2
Q¢ = €apasbs f3 + ea1as f37,

1 2
Q7 = aparbs f3 + earas f3°,

—ag(a1bsy — azby) fi + aparby fs — ajar fi?,

)
—T0
I

2
2

03 = aparb1 fi + 2a0azby fs — axaz fi* - 2a1ax fi f,

05 = —(a1* — a*) i fi,

eaoarbs fi — eaparby f5 — (a1* — a3®) fi%,

2 2
05 = —2apa1b3 fi — apasbs f3 + arax 3~ + 2eazas f1 3,

2 22\ g2
O¢ = —apaxbs fi + apaxby f3 — (a1” — az”) 3%,

2
7

2
—apazbs fi — apla1bs — azb1) fz + earaz 37,

Q) = —aparb: fi + earas fi’,
3 2
05 = —apa1b fi — axasz f1°,
3 ) b 2_ 2 2 2
03 apaxbs f1 + (€a1” — az”) fi” + 2earas f1 f3,
03 = —aparbs fi — axas fi fs,
3 _ bafe — 2 e + a2
Q05 = apaxbs f3 — eayaz f3° + 2(ear” + ax") f1 /3,

Q; = —apasbsfi — eap(aibs — asby) fs — earaz fi f3*,

03 = —apaxbs fi + agasby fs — (€ar” + ax*) 32
Next, we substitute into (A2) the function R in the form

1

R=
2fA

(ﬂ+c%+Hm+mop—%%mﬁw

which we obtain from (1.13);, (1.12) and (1.10), and the function A in the form 8 = Aag/A>. By the
same argument as that for the previous equation (A1), we obtain once more seven partial differential
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equations. They are now linear with respectto a, ,a’ ,a, . a. , Wi, Wy and W3, where
Ow?> 1w’ "2w> 3w

Wi = —e %(p’lx +21Hb,,

©7) | Wy = %cp'zx + 2eHby,
W3 = %(péx + Hh.

Using (6.4) and the formula for a;, , similar to (6.5), we can also eliminate the derivative a;, in all
equations. We obtain the final form of the equation (A2) as a system of partial differential equations
analogous to (6.6):

3 3
6.8) > aPyW;— ) Qi =0, a=12,...7
i=1 i=1

The following proposition will be crucial for reducing our partial differential equations to es-
sentially independent ones.

Proposition 6.2. The rank of the matrix [Pé, Qg] is at most two.
Proof. Since a, # 0 and b = f> = 0, we have from (2.51)

Alarf3 —az f1)
ay ’

(6.9) ¢4 =€

and hence we have

a’fs + ear(arfs — azfi)

by = ,
(6.10) , 4o
by = aj f] + 6a3(a1fg - a3f1)
3 apay '

Substituting from (6.10) for b, and b3 in the entries of the matrix [ fl], we see that
fi
[P2] == [Pa]

03] = e #E 2R (A1 - en 72

az

2] = - flz;fBZ [P1] + e a1 fs —asfi &t
3

a az

[Q3] __Safs —asfi) [Pé]+ef] [Pﬁ]

¢ a f3

which prove the assertion. i

Corollary 6.3. Each system of partial differential equations (6.6) or (6.8) contains at most two
linearly independent equations.
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Thus, the equations (A1) and (A2) are essentially reduced to four partial differential equations
in two variables. We shall see later that, as in [10], we can make an additional reduction to only two
equations (one of the form (6.6) and one of the form (6.8)).

Proposition 6.4. The following algebraic formulas are consequences of the algebraic equations
from Theorem 2.8 and of the assumptions of Proposition 6.1:

(6.11) @1 =vay, ¢2=e€vay, ¢3=—€vas,

where

Aa*(fi* = %) — elarfs — a3 f1)°] )

6.12 =
( )V 61026122 ap

(6.13) ay® = —e(a;” — a3?) — ar>.

Further, f, =0 and

@’ fs + ear(arfs — asfi)

by = , by=0,
(6.14) , dod
e = B2 f1 +eas(ar fz —asz fr)
3 s ,
24 — A —
(6.15) h = —¢ (a1fi —a3f3) ’ _ Maifs—asf)  ws =204

ao a

Conversely, if a1, a, as, f1 and f3 are arbitrary functions, and if the other basic functions are
defined as above, then all algebraic equations of Theorem 2.8 hold.

Proof. We show only the necessity of (6.11)—(6.15). The sufficiency will be proved by the direct
check. The equations (2.44); and (2.44)s imply a9 — €arp; = 0 and axp3 + azpr = 0. Hence
the formulas (6.11) hold with some function v = v(w, x) of the variables w and x. Substituting
(6.11) and (6.10); into (2.44);, and using (2.24he), we obtain (6.12);. The formula (6.13) is a direct
consequence of (2.24he). The formulas (6.14); 3 and (6.15), follow from b, = f, = 0 as shown in
the proof of Proposition 6.2. Next, from (6.11), (2.5he) and (2.24he), we have gooz = v%ay?®. Here,
the relation (4.5) implies that e(f; 2_ f32) is negative because the discriminant A’ is negative, hence
ev is negative. On the other hand, (4.4) together with (4.5) implies that agyg is negative. Hence we
obtain (6.12),. We obtain (6.15); from (2.47) and f, = 0. Finally, (6.15)3 is the same as (2.48). |
We need later the relation

A(fibs3 = f3b1)

aopay

(6.16) v =

which follows from (6.14) and (6.12).
Now let us return to the system of partial differential equations (6.6) and (6.8). Specifying
Corollary 6.3, we see easily that the system (6.6) reduces to two partial differential equations

afs-azfi

(6.17) agVr —€fza), + € a—2a2x - fids, =0
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and

apf3Vy +

ao(ay f3 — as f1)
V, — \%
= 2 —aofiVs

(6.18)

-
+ a,, = 0.

G(M)z ~(h2-£?)

a

The system (6.8) reduces to two analogous equations

a —da
13 —asfi y

(6.19) aoWs + €f3a),, — € ” e + f1d5, =0

and

apf3 Wy +

- [e (—a1f3 —as)i )2 - (f12 - f32)l d3,, = 0.

aop(arf3 — az f1)
W, — 1%
, > —apfiws

(6.20)
an

Using (6.3), (6.7), (6.11), (6.14) and (6.16), we see, after lengthy but routine calculations, that
(6.18) and (6.20) are consequences of (6.17) and (6.19).
Substituting (6.3); and (6.7), into (6.17) and (6.19), respectively, and using (6.11),, we have

’ ’

+ ea2f1 (2—3) = O,

2 /x

a
aoa,, + €2AHapa; — €as f3 (a—l)

X

(6.21)

’ ’

— darfi (2—3) = 0.

w

ao(vaz)’, — 22%Haob, + Aay f3 (Z—;)

w

Further, due to (6.15);, we have the relation
(6.22) 2A(aifi — a3 f3) = —€apH,.
Introducing new functions u = u(w, x) and v = v(w, x) of the variables w and x such that
(6.23) a; = uay, az =vay, —e(u2 - v2) > 0,
we rewrite (6.21) in the form
aoay,, + €2AHapa; — €ay f3u, + eay fiv, = 0,

(6.24)

{ ao(vaz)’, — 2%Haph, + Aay fau,, — day fiv,, = 0.
Here, from (6.12)—(6.14), we get
ay = V=€ =)~ 1 a,

by = f3 + euufs —vfi)
(6.25) Z_2_-1

A= S efs - vA)

(u? =2 —1)ay? ’

4
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where we normalize the signs of a; and ag to make them positive.
Let now u, v and H be arbitrary analytic functions. Substituting for ag from (6.25); into (6.22)
and into (6.24), and solving them with respect to f; and f3, we can express f; and f3 in the form

fi = g1a5,, + g2az + &3,
(6.26)
f3 = /’llaéw + hpyay + hs,

where g;’s and h;’s are known functions. Substituting (6.26) into (6.24), which has been trans-
formed by (6.25), we obtain a partial differential equation of the form

06.27) a),,. =Y(d),. a5, a2, w,x),

where W is a fixed analytic function of five variables. The general solution of (6.27) depends on
two arbitrary (analytic) functions of one variable. Thus, the generic family of metrics of type (E)
depends on three arbitrary functions of two variables, namely, u, v and H.

Now, we can go further and prove that even the local isometry classes of our metrics still depend
essentially on three functions. The proof is a modification of that of Theorem 8.5 from [10]. We use
the fact that fA/f3 is a Riemannian invariant (see (3.14he)) and that the hyperbolic cosine function
and the cosine function are even functions.

Theorem 6.5. The local isometry classes of metrics of type (E) are parameterized by three arbitrary
functions of two variables modulo two arbitrary functions of one variable.

The equation (6.27) can not be solved explicitly, in general. Yet, we give here an explicit family
of the metrics of type (E).

Example 6.6. Consider the “singular” case a; = 0 of Proposition 6.4. Then we have

pr=var, ¢pr=a2=0, ¢3=-evas

(6.28)
@0 = €vag, @5 =2¢4

and

(6.29) by = o, =0.

From (2.45), we see that there is a function & = &(w, x) of the variables w and x such that

(6.30) fi =éa1, f3=¢&as.

Hence, using (6.22) and (2.51), we have

(6.31) aph = —€22&(a1* — a3?),

arp4 asys
6.32) b = , b3 = .
(6.32) by aq 3= g

Finally, we have

(6.33) ag® = —e(a;? — az?d),
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and, from (2.43); or (2.44),, we deduce

2
¥4
a

ao? + /lcfz = —ev.

(6.34)

Here aj, as, &£ and ¢4 are arbitrary functions of the variables w and x. Conversely, if a;, a3, & and
¢4 are arbitrary functions of the variables w and x, and if the other basic functions are given by
(6.28)—(6.34), then all algebraic equations mentioned in Theorem 2.8 are satisfied.

In addition, from (6.31) and (6.33), we get

(6.35) h=2A¢ap, h=H,

Further, a careful check shows that the system of partial differential equations (6.6) and (6.8) can
be now reduced, instead of the form (6.21), to the form

(6.36) agV, — e(f3a}, — fiay,) =0,

(6.37) agWs + e(f3a},, — fidj,) = 0.

All other partial differential equations are consequences of (6.36) and (6.37). Putting U = a3/ay,
we can rewrite (6.36) and (6.37) in the form

(6.38) 2AHag + éa U, = 0,

(639) 2H(p4 + fal U‘;/ =0.

Then we have the following explicit family of solutions satisfying the equations (6.38) and (6.39)
and the condition (6.35). Choose U and H as arbitrary functions of the variables w and x, and put

hU:,
- X — — 2 _
a) = —€ APHU 1) az=a1U, ag=aVeU*-1),
4
(6.40) 2AH\e(U? - 1) hU;, ,
- = , ’ 904 = - 2 h = Hx‘
Us 4AH A\ e(U? - 1)

Here we always assume U’ # 0 and e(U 2_ 1) > 0. (Also, we normalize the signs of a;, a3 and ag
to make them all positive.) Then the function v is calculated from (6.34) and remaining coefficients
are given by (6.28)—(6.30) and (6.32). This defines the wanted class of metrics.
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