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ABSTRACT

Nakanishi and Shibuya gave a relation between link homotopy and quasi self delta-
equivalence. And they also gave a necessary condition for two links to be self delta-
equivalent by using the multivariable Alexander polynomial. Link homotopy and quasi
self delta-equivalence are also called self C1-equivalence and quasi self C2-equivalence
respectively. In this paper, we generalize their results. In Sec. 1, we give a relation
between self Ck-equivalence and quasi self Ck+1-equivalence. In Secs. 2 and 3, we give
necessary conditions for two links to be self Ck-equivalent by using the multivariable
Conway potential function and the Conway polynomial respectively.
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1. Self Ck-Equivalence and Quasi Self Ck-Equivalence

A tangle T is a disjoint union of properly embedded arcs in the unit 3-ball B3. A

local move is a pair of tangles (T1; T2) with @T1 = @T2. Two local moves (T1; T2)

and (U1; U2) are equivalent if there is an orientation preserving self-homeomorphism

 : B3 ! B3 such that  (Ti) and Ui are ambient isotopic in B3 relative to @B3 for

i = 1; 2. The de�nition of a local move follows from [22, 21].

A C1-move is a local move (T1; T2) as illustrated in Fig. 1. Suppose that a

Ck-move is de�ned. Let (T1; T2) be a Ck-move, t1 a component of T1 and t2 a

component of T2 with @t1 = @t2. Let Ni (i = 1; 2) be regular neighbourhoods of

ti in (B3 � Ti) [ ti such that N1 \ @B3 = N2 \ @B3. Let � be a disjoint union of

properly embedded arcs in B2 � I as illustrated in Fig. 2. Let  i : B2 � I ! Ni

be a homeomorphism with  i(B
2 � f0; 1g) = Ni \ @B3 for i = 1; 2. Suppose that
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Fig. 1 Fig. 2.

 1(@�) =  2(@�) and that  1(�) and  2(�) are ambient isotopic in B3 relative

to @B3. Then we say that a local move ((T1 � t1) [  1(�); (T2 � t2) [  2(�)) is a

Ck+1-move. Note that, for each natural number k, there are �nitely many Ck-moves

up to equivalence. It is easy to see that if (T1; T2) is a Ck-move, then (T2; T1) is

equivalent to a Ck-move. The de�nition of Ck-move is due to Habiro [3, 4].

Let L1 and L2 be oriented ordered links in S3, and let (T1; T2) be a Ck-move.

Suppose that there is an orientation preserving embedding h : B3 ! S3 such that

Li \ h(B3) = h(Ti) for i = 1; 2 and L1 � h(B3) = L2 � h(B3) together with

orientations and orders. Then L1 is said to be obtained from L2 by a Ck-move. In

particular, we say that L1 is obtained from L2 by a self Ck-move (respectively quasi

self Ck-move) if the all strings (respectively at least k strings) of Li \h(B3) = h(Ti)

is contained in a single component of Li for i = 1; 2. From now on, we may denote

h(Ti) by Ti. Two oriented ordered links L1 and L2 are Ck-equivalent (respectively

self Ck-equivalent, quasi self Ck-equivalent) if L2 is obtained from L1 by a �nite

sequence of Ck-moves (respectively self Ck-moves, quasi self Ck-move) and ambient

isotopies. These relations are equivalence relations on links. It is known that if

two links are Ck+1-equivalent (respectively self Ck+1-equivalent, quasi self Ck+1-

equivalent), then they are Ck-equivalent (respectively self Ck-equivalent, quasi self

Ck-equivalent). Note that C2-move and C3-move are equivalent to the delta-move

[12] and clasp-pass move [2] respectively. Self delta-move is de�ned in [18] and

quasi self delta-move in [16]. The following theorem gives a relation between self

Ck-equivalence and quasi self Ck+1-equivalence. The case of that k = 1 was shown

in [16].

Theorem 1.1. Let L = K1 [ � � � [ Kn and L0 = K 0

1 [ � � � [ K 0

n be oriented

ordered n-componets links. Suppose that Ki and K 0

i are Ck+1-equivalent for all

i(= 1; : : : ; n). Then L and L0 are self Ck-equivalent if and only if they are quasi self

Ck+1-equivalent.

In order to prove Theorem 1.1, we need the band description of a link de�ned in

[21]. See also [19, 24, 25, 22]. A C1-link model is a pair (�; �) where � is a disjoint

union of properly embedded arcs in B3 and � is a disjoint union of arcs on @B3 with

@� = @� as illustrated in Fig. 3. Suppose that a Ck-link model (�; �) is de�ned
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bounds disjoint disks in B3. Then we call the pair ((α � γ)∪ψ(α0), (β � γ)∪ψ(β0))

a Ck+1-link model.

Fig. 3 Fig. 4

Let (α1, β1), ..., (αl, βl) be Ck-link models. Let L be an oriented link. Let ψi :

B3 → S3 (i = 1, ..., l) be orientation preserving embeddings and bi,s (i = 1, ..., l, s =

1, ..., k + 1) mutually disjoint disks embedded in S3. Suppose that they satisfy the

following conditions;

(1) ψi(B
3) ∩ ψj(B

3) = ∅ if i 6= j,

(2) ψi(B
3) ∩ L = ∅ for each i,

(3) bi,s ∩ L = ∂bi,s ∩ L is an arc for each i, s,

(4) bi,s ∩ (
⋃l

j=1 ψj(B
3)) = ∂bi,s ∩ ψi(B

3) is a component of ψi(βi) for each i, s,

(5) (
⋃k+1

s=1 bi,s) ∩ ψi(B
3) = ψi(βi) for each i.

Let L′ be an oriented link defined by

L′ = L ∪ (
⋃

i,s

∂bi,s) ∪ (
⋃

i

ψi(αi)) �
⋃

i,s

int(∂bi,s ∩ L) �
⋃

i

ψi(intβi),

where the orientation of L′ coincides that of L on L �
⋃

i,s bi,s. We call each

bi,s and each image ψi(B
3) a Ck-band and a Ck-link ball, respectively. We set

Bi = ((αi, βi), ψi, {bi,1, ..., bi,k+1}) and call Bi a Ck-chord. In particular, Bi is called

a self Ck-chord if (bi,1 ∪ · · · ∪ bi,k+1) ∩ L is contained in a single component of L.

We denote L′ by Ω(L; {B1, ...,Bl}) and call it a band description of L′. We say that

L′ is a band sum of L and Ck-chords B1, ...,Bl.

By the arguments similar to that in the proofs of Lemmas 3.6 and 3.8 in [21],

we have the following two lemmas respectively.

Lemma 1.2. (cf. [21, Lemma 3.6]) Two links L and L′ are self Ck-equivalent if

and only if L′ is a band sum of L and some self Ck-chords. 2

Lemma 1.3. (cf. [21, Lemma 3.8]) Let L, J = Ω(L; {B}) and J ′ = Ω(L; {B′}) be

oriented links, where B,B′ are self Ck-chords. Suppose that J and J ′ differ locally

as illustrated in Fig. 5 (a), (b), i.e., J ′ is obtained from J by a crossing change

between L and a band of B. Then J and J ′ are related by a quasi self Ck+1-move.

2
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where � is a disjoint union of k+1 properly embedded arcs in B3 and � is a disjoint

union of k + 1 arcs on @B3 with @� = @� such that � [ � is a disjoint union of

k + 1 circles. Let 
 be a component of � [ � and W a regular neighbourhood of 


in (B3 � (�[�))[
. Let V be an oriented solid torus, D a disk in @V , �0 properly

embedded arcs in V and �0 arcs on D as illustrated in Fig. 4. Let  : V ! W be an

orientation preserving homeomorphism such that  (D) = W \@B3 and  (�0 [�0)

bounds disjoint disks in B3. Then we call the pair ((��
)[ (�0); (��
)[ (�0))

a Ck+1-link model.

Let (�1; �1); : : : ; (�l; �l) be Ck-link models. Let L be an oriented link. Let

 i : B3 ! S3 (i = 1; : : : ; l) be orientation preserving embeddings and bi;s (i =

1; : : : ; l; s = 1; : : : ; k + 1) mutually disjoint disks embedded in S3. Suppose that

they satisfy the following conditions;

(1)  i(B
3) \  j(B

3) = ; if i 6= j,

(2)  i(B
3) \ L = ; for each i,

(3) bi;s \ L = @bi;s \ L is an arc for each i; s,

(4) bi;s \ (
Sl

j=1  j(B
3)) = @bi;s \  i(B

3) is a component of  i(�i) for each i; s,

(5) (
Sk+1

s=1 bi;s) \  i(B
3) =  i(�i) for each i.

Let L0 be an oriented link de�ned by

L0 = L [

� [

i;s

@bi;s

�
[

� [

i

 i(�i)

�
�

[

i;s

int(@bi;s \ L) �
[

i

 i(int�i) ;

where the orientation of L0 coincides that of L on L �
S

i;s bi;s. We call each bi;s
and each image  i(B

3) a Ck-band and a Ck-link ball, respectively. We set Bi =

((�i; �i);  i; fbi;1; : : : ; bi;k+1g) and call Bi a Ck-chord. In particular, Bi is called a

self Ck-chord if (bi;1 [ � � � [ bi;k+1) \L is contained in a single component of L. We

denote L0 by 
(L; fB1; : : : ;Blg) and call it a band description of L0. We say that L0

is a band sum of L and Ck-chords B1; : : : ;Bl.

By the arguments similar to that in the proofs of [21, Lemmas 3.6 and 3.8], we

have the following two lemmas respectively.
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Fig. 5

As in the definition of Ck-move we define iteratedly doubled strings as follows.

A 0-double pattern is {o} × I in B2 × I where o is the center of B2. Suppose

that a k-double pattern A in B2 × I is defined. Let N be a regular neighbourhood

of a component γ of A in (B2 × I � A) ∪ γ such that N ∩ (∂B2 × I) = ∅. Let

ψ : B2 × I → N be a homeomorphism with ψ(B2 × {0, 1}) = N ∩ (B2 × {0, 1}).

Let α be a disjoint union of properly embedded arcs in B2 × I as illustrated in

Fig. 2. Then (A � γ) ∪ ψ(α) is called a (k + 1)-double pattern. Let V be a regular

neighbourhood of a properly embedded arc in B3. Let ϕ : B2 × I → V be a

homeomorphism. Then the image ϕ(A) of a k-double pattern A is called a k-double

string. Note that a ‘crossing change’ between k-double strng and j-double string is

equivalent to a Ck+j+1-move.

Proof of Theorem 1.1. Suppose that L = K1 ∪ · · · ∪Kn and L′ = K ′

1 ∪ · · · ∪

K ′

n are self Ck-equivalent, then by Lemma 1.2, we may assume L′ is a band sum

Ω(L; {B1, ...,Bl}) of L and some self Ck-chords. Let Vi be a regular neighbourhood

of a point of Ki (i = 1, ..., n) such that Vi ∩ Vj = ∅ (i 6= j) and (Vi, Vi ∩ L) =

(Vi, Vi ∩ Ki) is the trivial ball and arc pair. By Lemma 1.3, Ω(L; {B1, ...,Bl}) is

quasi self Ck+1-equivalent to a band sum Ω(L; {B′

1, ...,B
′

l}) such that the Ck-link

ball and the Ck-bands of each B′

p are contained in some component of V1 ∪ · · · ∪ Vn

(p = 1, ..., l). So we may assume that each component K ′′

i of Ω(L; {B′

1, ...,B
′

l})

is the connected sum of Ki and some knot Ji with the decomposing sphere ∂Vi,

i.e., Ω(L; {B′

1, ...,B
′

l}) = (K1#J1) ∪ · · · ∪ (Kn#Jn). Since Ki is Ck+1-equivalent

to K ′

i, Ki is Ck+1-equivalent to Ki#Ji. By combining this and the fact that the

set of Ck+1-equivalent classes of knots is an abelian group under the connected

sum [4], we obtain that Ji is Ck+1-equivalent to the trivial knot. Moreover, this

deformation can be done with fixing the complement of V1 ∪ · · · ∪ Vn. This implies

that (K1#J1) ∪ · · · ∪ (Kn#Jn) is self Ck+1-equivalent to K1 ∪ · · · ∪Kn. Hence L′

is quasi self Ck+1-equivalent to L.

Suppose that L′ is obtained from L by a quasi self Ck+1-move (T1, T2). There

are arcs ti ⊂ Ti (i = 1, 2) such that ∂t1 = ∂t2 and T1 � t1 (resp. T2 � t2) is contained

in a single component of L (resp. L′). By Lemma 2.1 in [21], we may assume that

(T1, T2) is as illustrated in Fig. 6, i.e., T1 � t1 = T2 � t2 is k-double string and

(T1, T2) is a crossing change between an arc and the k-double string. Since each

Fig. 5.

Lemma 1.2. (cf. [21, Lemma 3.6]) Two links L and L0 are self Ck-equivalent if

and only if L0 is a band sum of L and some self Ck-chords.

Lemma 1.3. (cf. [21, Lemma 3.8]) Let L; J = 
(L; fBg) and J 0 = 
(L; fB0g) be

oriented links, where B;B0 are self Ck-chords. Suppose that J and J 0 di�er locally as

illustrated in Fig. 5(a), (b); i.e. J 0 is obtained from J by a crossing change between

L and a band of B. Then J and J 0 are related by a quasi self Ck+1-move.

As in the de�nition of Ck-move we de�ne iteratedly doubled strings as follows.

A 0-double pattern is fog � I in B2 � I where o is the center of B2. Suppose

that a k-double pattern A in B2 � I is de�ned. Let N be a regular neighbourhood

of a component 
 of A in (B2 � I � A) [ 
 such that N \ (@B2 � I) = ;. Let

 : B2 � I ! N be a homeomorphism with  (B2 � f0; 1g) = N \ (B2 � f0; 1g).

Let � be a disjoint union of properly embedded arcs in B2 � I as illustrated in

Fig. 2. Then (A � 
) [  (�) is called a (k + 1)-double pattern. Let V be a regular

neighbourhood of a properly embedded arc in B3. Let ’ : B2 � I ! V be a

homeomorphism. Then the image ’(A) of a k-double pattern A is called a k-double

string. Note that a \crossing change" between k-double string and j-double string

is equivalent to a Ck+j+1-move.

Proof of Theorem 1.1. Suppose that L = K1 [ � � � [ Kn and L0 = K 0

1 [ � � � [

K 0

n are self Ck-equivalent, then by Lemma 1.2, we may assume L0 is a band sum


(L; fB1; : : : ;Blg) of L and some self Ck-chords. Let Vi be a regular neighbourhood

of a point of Ki (i = 1; : : : ; n) such that Vi \ Vj = ; (i 6= j) and (Vi; Vi \ L) =

(Vi; Vi \ Ki) is the trivial ball and arc pair. By Lemma 1.3, 
(L; fB1; : : : ;Blg) is

quasi self Ck+1-equivalent to a band sum 
(L; fB0

1; : : : ;B
0

lg) such that the Ck-link

ball and the Ck-bands of each B0

p are contained in some component of V1 [ � � � [Vn

(p = 1; : : : ; l). So we may assume that each component K 00

i of 
(L; fB0

1; : : : ;B
0

lg)

is the connected sum of Ki and some knot Ji with the decomposing sphere @Vi,

i.e. 
(L; fB0

1; : : : ;B
0

lg) = (K1#J1) [ � � � [ (Kn#Jn). Since Ki is Ck+1-equivalent
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Ti � ti (i = 1, 2) is contained in a single component and a crossing change between p-

double string and q-double string is a Cp+q+1-move, the deformation as illustrated

in Fig. 7 is realized by two self Ck-moves. This implies that L and L′ are self

Ck-equivalent. 2

Fig. 6

Fig. 7

2. Self Ck-equivalence and the multivariable Conway potential function

Let ΩL be the Conway potential function for an n-component link L. Note that

(t1 � t � 1
1 )ΩL(t1) = ∆L(t21) · t

µ1

1 if n = 1,

ΩL(t1, ..., tn) = ∆L(t21, ..., t
2
n) · tµ1

1 · · · tµn

n if n ≥ 2,

where ∆L is the Alexander polynomial properly chosen with correct sign and µi are

integers which are uniquely determined by the requirement that ΩL should satisfy

the symmetry condition ΩL(t1, ..., tn) = (� 1)nΩL(t � 1
1 , ..., t � 1

n ) [5]. Then we have

the following theorem, which was shown in [15] for k = 2.

Theorem 2.1. Let L = K1 ∪ · · · ∪ Kn and L′ = K ′

1 ∪ · · · ∪ K ′

n be oriented

ordered n-componets links. Suppose that L′ is obtained from L by a single self Ck-

move (T1, T2) and that the all strings of T1 (resp. T2) belong to Ks (resp. K ′

s).

Then we have

ΩL ≡ ΩL′ mod (ts � t � 1
s )k.

Corollary 2.2. Let L and L′ be oriented ordered n-component links. If L and

L′ are self Ck-equivalent, then

ΩL ≡ ΩL′ mod {(t1 � t � 1
1 )k, ..., (tn � t � 1

n )k}. 2

An oriented link L = K1∪· · ·∪Kn is said to be algebraically split if lk(Ki,Kj) =

0 (1 ≤ i < j ≤ n).

Fig. 6.
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to K 0

i, Ki is Ck+1-equivalent to Ki#Ji. By combining this and the fact that the

set of Ck+1-equivalent classes of knots is an abelian group under the connected

sum [4], we obtain that Ji is Ck+1-equivalent to the trivial knot. Moreover, this

deformation can be done with �xing the complement of V1 [ � � � [ Vn. This implies

that (K1#J1) [ � � � [ (Kn#Jn) is self Ck+1-equivalent to K1 [ � � � [ Kn. Hence L0

is quasi self Ck+1-equivalent to L.

Suppose that L0 is obtained from L by a quasi self Ck+1-move (T1; T2). There

are arcs ti � Ti (i = 1; 2) such that @t1 = @t2 and T1 � t1 (respectively T2 � t2)

is contained in a single component of L (respectively L0). By [21, Lemma 2.1], we

may assume that (T1; T2) is as illustrated in Fig. 6, i.e. T1 � t1 = T2 � t2 is k-double

string and (T1; T2) is a crossing change between an arc and the k-double string. Since

each Ti � ti (i = 1; 2) is contained in a single component and a crossing change

between p-double string and q-double string is a Cp+q+1-move, the deformation as

illustrated in Fig. 7 is realized by two self Ck-moves. This implies that L and L0

are self Ck-equivalent.

2. Self Ck-Equivalence and the Multivariable Conway Potential

Function

Let 
L be the Conway potential function for an n-component link L. Note that

(t1 � t�1
1 )
L(t1) = �L(t21) � t�1

1 if n = 1 ;


L(t1; : : : ; tn) = �L(t21; : : : ; t
2
n) � t�1

1 � � � t�n

n if n � 2 ;
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where� L is the Alexander polynomial properly chosenwith correct sign and � i are
integerswhich are uniquely determined by the requirement that 
 L should satisfy
the symmetry condition 
 L (t1; : : : ; tn ) = (� 1)n 
 L (t � 1

1 ; : : : ; t � 1
n ) [5]. Then we have

the following theorem, which was shown in [15] for k = 2.

Theorem 2.1. Let L = K 1 [ � � � [ K n and L 0 = K 0
1 [ � � � [ K 0

n be oriented ordered
n-componets links. Suppose that L 0 is obtained from L by a single self Ck -move
(T1; T2) and that the all strings of T1 (respectively T2) belong to K s (respectively
K 0

s): Then we have


 L � 
 L 0 mod(ts � t � 1
s )k :

Corollary 2.2. Let L and L 0 be oriented ordered n-component links. If L and L 0

are self Ck -equivalent; then


 L � 
 L 0 modf (t1 � t � 1
1 )k ; : : : ; (tn � t � 1

n )k g:

An oriented link L = K 1 [ � � � [ K n is said to be algebraically split if lk(K i ; K j ) =
0 (1 � i < j � n).

Theorem 2.3. L = K 1 [ � � � [ K n and L 0 = K 0
1 [ � � � [ K 0

n be oriented ordered
n-componets algebraically split links. Supposethat L 0 is obtained from L by a single
self Ck -move (T1; T2) and that the all strings of T1 (respectively T2) belong to a
component K s (respectively K 0

s): Then we have


 L � 
 L 0 mod(ts � t � 1
s )k � 1 � n

i =1 (t i � t � 1
i ) :

In the theorem above, the assumption that L and L 0 are algebraically split links
is essential, seeExample 2.7.

A colored link is a link L with mapping � from the set of connectedcomponents
of L to the natural numbers. The value � is called the color of the component.
For every natural number c, we intro duce a parameter tc. The Conway potential
function 
 L can be generalizedto an invariant of a colored link L by substituting
tci to t i in 
 L , whereci is a color of the i th component of L . The Conway potential
function satis�es the following relation [5].

(� ) 
 L + � 
 L � = (tc � t � 1
c )
 L 0 ;

where L + ; L � ; L 0 are identical except within a ball as illustrated in Fig. 8 and c
denotesa color of the component of the strings.
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Theorem 2.3. L = K 1 [ � � � [ K n and L 0 = K 0
1 [ � � � [ K 0

n be oriented ordered
n-componets algebraically split links. Supposethat L 0 is obtained from L by a single
self Ck -move(T1; T2) and that the all strings of T1 (resp. T2) belongto a component
K s (resp. K 0

s). Then we have


 L � 
 L 0 mod (ts � t � 1
s )k � 1� n

i =1 (t i � t � 1
i ):

In the theorem above, the assumption that L and L 0 are algebraically split links
is essential, seeExample 2.7.

A colored link is a link L with mapping � from the set of connectedcomponents
of L to the natural numbers. The value � is called the color of the component.
For every natural number c, we intro duce a parameter tc. The Conway potential
function 
 L can be generalizedto an invariant of a colored link L by substituting
tci to t i in 
 L , whereci is a color of the i -th component of L . The Conway potential
function satis�es the following relation [5].

(� ) 
 L + � 
 L � = (tc � t � 1
c )
 L 0 ;

where L + ; L � ; L 0 are identical except within a ball as illustrated in Fig. 8 and c
denotesa color of the component of the strings.

Remark 2.4. Several researcherstried to giveaxiomsto determinethe potential
functions for n-colored links [1], [5], [7], [14]. Finally Murakami succeededto give
axioms for all colored links [13]. We refer the reader to [10] for detailed history.

Fig. 8

Let L l be the set of the ambient isotopy classesof oriented, coloredlinks in S3 of
which colors are in f 1; :::; lg, and ZL l the free abelian group generatedby L l . A k-
singular link is an immersedS1 [ � � � [ S1 in S3 whosesingularities are transversalk
double points. A colored (k1; :::; kl )-singular link L is a disjoint union of ki -singular
links L i with colored i (i = 1; :::; l ). For a colored singular link L , let � (L ) be an
element in ZL l obtained from L by removing each singularity linearly as illustrated
in Fig. 9. Let e
 : ZL l � ! Z[t1; t � 1

1 ; :::; t l ; t � 1
l ] be the natural homomorphism

induced from 
.

Fig. 9

Fig. 8.


