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Abstract

A clasp-pass movis a local move on oriented links introduced by Habiro in 1993. He showed
that two knots are transformed into each other by clasp-pass moves if and only if they have the same
second coefficient of the Conway polynomial. We extend his classification to two-component links,
three-component links, algebraically split links, and spatial embeddings of a planar graph that does
not contain disjoint cycles. These are classified in terms of linking numbers, the second coefficient
of the Conway polynomial, the Arf invariant, and the Milnefinvariant.0 2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction

Throughout this paper we work in the piecewise linear category. The following result is
the first nontrivial geometric classification of all oriented knots by an algebraic invariant.

Theorem 1.1 (Kauffman [5]).Let K1 and K7 be oriented knots in the three-sphes@.
ThenK; and K2 are transformed into each other by pass moves and ambient isotopy if
and only ifa2(K1) = a2(K2) (mod 2 wherea; denotes théth coefficient of the Conway
polynomial, and a pass move is a local move on oriented knots as illustrated ih. Fig.

* Corresponding author.

E-mail addresseganiyama@twcu.ac.jp (K. Taniyama), yasuhara@u-gakugei.ac.jp (A. Yasuhara).

1current addressDepartment of Mathematics, The George Washington University, Washington, DC 20052,
USA.

0166-8641/02/$ — see front mattér 2002 Elsevier Science B.V. All rights reserved.
Pll: S0166-8641(01)00189-4



502 K. Taniyama, A. Yasuhara / Topology and its Applications 122 (2002) 501-529

A 4
A 4

—

&
<

A

Fig. 1.

| |

I [ I B
- \o)
) )

Fig. 2.

In 1993 Habiro defined elasp-pass moven knots and links as a local move illustrated
in Fig. 2 and showed the following theorem. In [3] Habiro shows Theorem 1.2 as a corollary
to his originalclasper theoryA direct proof is given in [2].

Theorem 1.2 [2], [3, Proposition 7.1]Let K1 and K> be oriented knots irs3. Thenky
and K> are transformed into each other by clasp-pass moves and ambient isotopy if and
only if az(K1) = a2(K2).

Note that a clasp-pass move is always realized by a pass move no matter how the strings
are oriented. Therefore Theorem 1.2 is a refinement of Theorem 1.1. Namely Theorem 1.1
gives aZ» classification of oriented knots whereas Theorem 1.2 gi&slassification of
oriented knots.

In this paper we consider the classification of certain links and spatial graphs under
clasp-pass moves. delta movas a local move defined in [11] as illustrated in Fig. 3. Itis
not hard to see that the mirror image move of a delta move is realized by a delta move and
ambient isotopy. However we do not use this fact later.

A delta equivalencés an equivalence relation generated by delta moves and ambient
isotopy. Similarly aclasp-pass equivalendg an equivalence relation generated by clasp-
pass moves and ambient isotopy. We will show in Section 2 that a clasp-pass move
is realized by two applications of a delta move. So clasp-pass equivalence is stronger
than delta equivalence. Therefore before considering the clasp-pass classification we
must consider the delta classification. The following delta classification of links is
known.
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Fig. 3.

Theorem 1.3 [11]. LetL=J;U---UJ, and M = K1 U --- U K,, be ordered oriented
n-component links. Thel and M are delta equivalent if and only itk(J;, J;) =
Ck(K;, K;) (1<i < j<n), wheretk denotes the linking number.

We will give a new proof of Theorem 1.3 in Section 2. The authors believe our proof is
simpler than the prior proof by Murakami and Nakanishi [11]. Under these situations we
extend Theorem 1.2 as follows.

A link L is calledalgebraically splitif every 2-component sublink of has linking
number zero. Note that by Theorem 1.3 the algebraically split links are exactly the links
that are delta equivalent to a trivial link.

Theorem 1.4. Let L =J1U---UJ, andM = K1 U --- U K,, be ordered oriented-
component algebraically split links. Then the following conditions are equivalent
(1) L andM are clasp-pass equivalent,
(2) ax(Ji) = a2(K;) (1<i<n),a3(J; UJj)=a3(K; UK;) (mod 2 (1<i<j<n)
andu(J; UJjUJ) =pu(K; UK; UKy (L<i < j<k<n),
(3) a2(Ji) = az(K;) (L<i <n), Arf(J; UJ;) =Arf(K; UK;) (1<i < j<n)and
M(JiUJjUJ]()Z[L(K,'UKjUKk) A<i<j<k<n).
Here u = p;jx denotes the Milnor invariar[®] and Arf the Arf invariant[15].

A link L is proper if ¢k(L — K, K) is even for any componenk of L. Here
k(L — K, K) denotes the sum of the linking numberskfand other components éf.

Theorem 1.5. LetL = J; U J, andM = K1 U K> be ordered oriente@-component links.
Then the following conditions are equivalent
(1) L andM are clasp-pass equivalent,
(2) €k(J1, J2) = Lk(K1, K2), az2(J;) = a2(K;) (i =1,2) andaz(L) = az(M) (mod 2,
(3) Lk(J1, J2) = tk(K1, K2), as(J;) = ax(K;) (i =1, 2)andArf(L) = Arf(M) if L and
M are proper links.

Remark 1.6. (1) In addition the following is shown in the proof of Theorem 1.5.
If ¢k(J1, J2) = €k(K1, K2) is odd andax(J;) = a2(K;) (i = 1,2) then az(L) =
az(M) (mod 2 and L and M are clasp-pass equivalent. However for any even integer
[ and integersvy, oo there arel. and M such thattk(J1, J2) = tk(K1, K2) =1, aa(J;) =
a2(K;) =«o; (i =1,2)andaz(L) = az(M) + 1 (mod 2.
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(2) Let Lo be an link and[Lo]2> (respectively[Lo]s) the delta (respectively clasp-
pass) equivalence class that contalrs In [20], the authors showed thgkg]2/(clasp-
pass equivalence) forms an Abelian group under certain geometric operation with the
unit element{Lg]z and denote it byGs(Lo). (In [20], we study more general moves of
spatial graphs.) By [20J53(Lo) andGz(L;,) are isomorphic ifLo andL;, are either delta
equivalent or 1-component. By the definition of this group and the proof of Theorem 1.5,
we have tha@3(K1 U K?) is isomorphic taZ & Z @ Z, (respectivelyZ & Z) if £k(K1, K2)
is even (respectively odd). Thus there are 2-component lipkand L, such thaiGs(Lo)
andgs(Ly) are not isomorphic.

Theorem 1.7. LetL =J1 U o U JzandM = K1 U K» U K3 be ordered oriente@-com-
ponent links. Then the following conditions are equivalent

(1) L andM are clasp-pass equivalent,

(2) Lk(Ji, Jj) = Lk(K;, Kj) (1<i < j<3),ax(Ji) =axAK;) (i =1,2,3), az(J; U
Jj)=a3(K; UK;) (mod 2 (1<i<j<3), ul)=wM) (mod Llk(J1, J2),
Lk(J2, J3), Lk(J3, J1)) andaa(L) = a4(M) (mod 2,

(3) tk(Ji, Jj) = tk(K;, K;) (1<i < j<3),a2(J;) = az(K;) (i =1,2,3), Arf(J; U
Jj)=Arf(K; UK;) if J; UJ; andK; U K; are proper linksArf (L) = Arf(M) if L
and M are proper links ang (L) = u(M) (modek(J1, J2), Lk(J2, J3), Lk(J3, J1)).

Here 1 = 123 denotes the Milnor invariant that is defined modulo the greatest common
divisor of ¢k(J1, J2), £k(J2, J3) andLk(J3, J1).

Remark 1.8. In addition the following is shown in the proof of Theorem 1.7. If
Lk(J1, J2)Lk(J2, J3)Lk(J3, J1) is eventk(J;, J;) = Lk(K;, K;) (A<i < j<3),a2(J;) =
ax(Ki) (i =1,2,3), az(J; UJj) =az(K; UK;) (mod 2 (1<i <j<3) andu(L) =
w(M) thenag(L) = ag(M) (mod 2 and L and M are clasp-pass equivalent. However
for any odd integerg, I, I3 and integers, a2, a3, B1, B2, B3, A there arel. and M such
thatek(J;, Jit1) = €k(K;, Ki+1) =1; (i =1, 2, 3) (here we consider3 1= 1), a2(J;) =
ax(Ki) =a; (i =1,2,3), az(J; U Ji11) = a3(K; U K1) = p; (mod 2 (i =1,2,3),
w(L) = u(M)= A (modly, I2,13) andag(L) = as(M) + 1 (mod 2.

The following is a delta classification of spatial graphs.

Theorem 1.9 [12, Theorems 1.1 and 1.3[wo embeddings of a finite graph in§3 are
delta equivalent if and only if they have the same Wu invariant.

It is known that Wu invariant generalizes linking number [19], and Theorem 1.9
generalizes Theorem 1.3. The following Theorem 1.10 is an immediate consequence of
[18, Theorem C] and [12, Theorem 1.3]. A finite gra@his planarif itis embeddable into
the plane. Acycleof a graphG is a subgraph of; that is homeomorphic to a circle.

Theorem 1.10. For a finite graphG the following conditions are equivalent
(1) Any two embeddings @ into S2 are delta equivalent,
(2) G is a planar graph that does not contain any pair of mutually disjoint cycles.
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Under these situations we consider clasp-pass classification of spatial embeddings of a
planar graph that does not contain disjoint cycles.

Theorem 1.11. LetG be a planar graph that does not contain any pair of mutually disjoint
cycles. Letf and g be embeddings a into S3. Thenf andg are clasp-pass equivalent
if and only ifaz( f (y)) = a2(g(y)) for every cycley of G.

Let w be afinite type invariantof order less than or equal to 2 for embeddingsGof
into S2 in the sense of [16]. It is known that if two embeddingsndg of G into S are
clasp-pass equivalenttheri /) = w(g) [1,3,13,20]. Itis well known that, is a finite type
knot invariant of order 2. LeH be a subgraph of a graghandwy a finite type invariant
of order less than or equal to for embeddings of into S3. Let wg be an invariant
for embeddings of5 into $2 defined bywg (f) = wy (f|n) where fly:H — S%is a
restriction map off : G — S3. Then itis easy to see that; is also a finite type invariant
of order less than or equal ko See for example [14]. Hence by Theorem 1.11 we have the
following corollary.

Corollary 1.12. Let G be a planar graph that does not contain any pair of mutually
disjoint cycles. Letf and g be embeddings of into S3. Then f and g are clasp-pass
equivalent if and only ito (f) = w(g) for any finite type invariant» of order less than or
equal to2.

Remark 1.13. The ‘if’ part of Corollary 1.12 does not hold for two-component links. In
fact az(Whitehead link = 1 (mod 2. Hence by Theorem 1.5 the Whitehead link is not
clasp-pass equivalent to a trivial link. However by [10] we have that they have the same
finite type invariants of order less than or equal to 2. In other wagdénod 2) is not a
finite type invariant of order less than or equal to 2.

We remark here that clasp-pass equivalence is relatsdrgery equivalencdefined
in [7]. In fact it is easy to see that clasp-pass equivalent links are surgically equivalent.
However the converse is not true. In fact any two knots are surgically equivalent.

2. Local movesand their equivalence

Let B3 be the unit 3-ball. We choose and fix an orientationBdt A tangle T is a
disjoint union of finitely many properly embedded arcsifi A tangleT is trivial if there
is a properly embedded disk B° that containg.

A local moveis a pair of trivial tanglegTy, T2) with 371 = d7>. Moreover we assume
that for each componentof 7y there is a componemnt of 7> such thatr = du. We say
that two local movesT1, T>) and(Uy, Uz) areequivalentdenoted by(71, 7o) = (U1, U2),
if there is an orientation preserving self-homeomorphism®® — B2 such that for each
i =1,2,h(T;) andU; are ambient isotopic without movingaT;) = oU;. A local move
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that is equivalent to the local move illustrated in Fig. 4(a), (b) or (c) is callembssing
changedelta moveor clasp-pass movespectively.

Let (T1, T») be a local move. Then the local mov&, T1) is called theinverse of
(T1, Tp). It is easily seen that each of a crossing change, a delta move and a clasp-pass
move is equivalent to its inverse.

We choose and fix an orientation of the unit 3-sphgteLet G be a finite graph and
f,g:G — S° embeddings. LetT1, 7>) be a local move that is equivalent to its inverse
andg: B2 — 53 an orientation preserving embedding. We say thandg arerelated by
(T, T2) and if the following conditions hold:

(1) if f(x)# g(x) then bothf (x) andg(x) are contained i (int B3),

(2) f(G)N@(B% =g(Tv),

(3) 8(G) N@(B3) = ¢(Ty).

Then we also say that is obtained fromf by anapplicationof (71, 72). We say that

f and g arerelated by (T3, T») if they are related by(Ty, T2) and ¢ for someg. The

(T1, T»)-equivalencés the equivalence relation on the set of all embeddings afto $3
generated by the relation above and ambient isotopy. In particular we safy dmatg are

delta equivalenfrespectivelyclasp-pass equivale)if they are transformed into each other

by applications of a delta (respectively clasp-pass) move and ambient isotopy. When the
graphG is homeomorphic to a disjoint union efcircles, there is a natural correspondence
between the ambient isotopy classes of embeddingsioto S2 and the ambient isotopy
classes of ordered orientedcomponent links. Under this correspondence we consider
(T1, T2)-equivalence on ordered oriented links.

Fork = 1,2, let V, c B3 be a tangle andi; c 3B2 a disjoint union of arcs with
dVi = 0Ay as illustrated in Fig. 5. Lef : G — S be an embedding. Let be a natural
number. Lety; : B2 — $° be an orientation preserving embedding for eaet1, ..., m}.

Let b; , be a 2-disk embedded is® for eachi € {1,...,m} andp € {1, 2} (respectively
p € {1,2,3}). Suppose thaty;(B%) N f(G) = @ for eachi, ¢;(B% N ¢; (B3 = @ if
i#jandb,,Nbj,=0Iif (i, p) # (j,q). Suppose thab; , N f(G) = 3b; , N f(G)
is an arc away from the vertices of the embedded gréh) for eachd; ,. Suppose that
bip N (B3 =0if i # j andb; , N (B3) = db; , N (9 B) is a component ofy; (A1)
(respectivelyy; (A2)) for eachb; ,. Letg:G — $3 be an embedding with the following
properties:

(1) if f(x) is not contained iIh_Ji’pb,',p theng(x) = f(x),
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Fig. 5.

) 8(G) = f(G) U, , dbi., U i (V1) = U, , Int(£(G) N b ) — U ¥i(int Ag)
(respectivelyg(G) = £(G) U U, , 3bi,p U U; ¥i(V2) = U; , INt(f(G) N bi,p) —
U; ¥ (int A2)).
Then we say thag is aband sum of Hopf link&espectivelyBorromean ringsand f. We
call eachb; ; aband Note that eachy; (V1 U A1) (respectivelyy; (V2 U Ap)) is a Hopf
link (respectivelyBorromean ring in 3. The unionb; 1 U b; » U ¥; (B3) (respectively
b1 Ub;2Ub; 3Uy;(B3) is called aHopf chord(respectivelyBorromean chorjland the
bandsb; 1, b; 2 (respectivelyb; 1, b; 2, b; 3) are called theassociated bandsf the Hopf
chord (respectively Borromean chord). An edgef G (or f(e)) is called anassociated
edgeof a chord if f (¢) has intersection with the chord. The set of the associated edges of
a chordC is denoted by (C).
From now on we consider embeddings up to ambient isotopy without explicit mention.
The following Lemma 2.1(1) is folklore in knot theory (cf. [17,22]) and Lemma 2.1(2)
is a natural generalization of [23, Lemma].

Lemma2.1.
(1) Let £, g: G — S° be any embeddings. Theris a band sum of Hopf links ang.
(2) Let f,g:G — S° be delta equivalent embeddings. Thens a band sum of
Borromean rings and’.

Proof. Fig. 6 shows that a crossing change (respectively delta move) is equivalent to a
band sum of a Hopf link (respectively Borromean ring).

By the assumption there is a finite sequence of embeddings fo, f1,..., fin =
g:G — S° and orientation preserving embeddings. .., ¢,, : B3 — 3 such thatf;_;
and f; are related by(Di1, D2) and ¢; for eachi € {1,...,n} where (D1, D?) is a
crossing change (respectively delta move). Then we have fihdas a band sum of a
Hopf link (respectively Borromean ring) anfl,—1. Now we assume inductively that,
is a band sum of Hopf links (respectively Borromean rings) g&ndSuppose that the
Hopf chords (respectively Borromean chords) have intersection git®3). Then we
sweep and slide them out ¢f(B%) up to ambient isotopy of,, without changingf;.
Note that this deformation is possible since the tangjeis trivial. Thus we have that
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fm is a band sum of Hopf links (respectively Borromean rings) @ndo that the Hopf
chords (respectively Borromean chords) are away fggB23). Then taking a Hopf link
(respectively Borromean ring) and its associated bandg iB3) we have thatf,, is a
band sum of Hopf links (respectively Borromean rings) gd;. In this way we finally
have thatg = f,,, is a band sum of Hopf links (respectively Borromean rings) #ne: f.
This completes the proof.O

Lemma 2.2. Each pair of the embeddings illustrated in Figare delta equivalent.
Proof. See Fig. 8. O
Remark 2.3. By Lemma 2.2(1) we have that a simultaneous change of two subsequent
crossings on a string with an associated band of a Hopf link is realized, no matter how far
the crossings are from the Hopf link, by an application of a delta move, see Fig. 9.

By two applications of Lemma 2.2(1) we have that a clasp-pass move is realized by delta
moves. Namely we have the following corollary.

Corollary 2.4. Clasp-pass equivalent embeddings are delta equivalent.

Proof of Theorem 1.3. It is easy to check that linking number does not change under
an application of a delta move. Then we have that delta equivalent links have the same
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linking numbers. We will show the converse. We will defofrmup to delta equivalence to
a ‘canonical form’. Then we will defornM also to a ‘canonical form’. It turns out that if
L andM have the same linking numbers then these canonical forms are delta-equivalent.

By Lemma 2.1(1) we have thdtis a band sum of Hopf links and a trivial link. Then
using Lemma 2.2 we deforth up to delta equivalence so that:

(1) each Hopf chord joining the same componenXdé contained in a small 3-ball as

illustrated in Fig. 10(a) or (b), and

(2) all Hopf chords joining the same pair of componentsXofare parallel, see for

example Fig. 10(c).

Then by the deformation illustrated in Fig. 11 we finally have thas delta equivalent
to a band sum of Hopf links and a trivial link so that:

(1) no Hopf chord joins the same component, and

(2) all Hopf chords joining the same pair of components are parallel, each of them have

no twists of bands or each of them has just a half twist of bands, which depends on
the sign of the linking number, and therefore the number of such Hopf chords equals
the absolute value of the linking number.

Next we deformM up to delta equivalence to a similar form of band sum of Hopf links
and a trivial link. We may suppose that the trivial links are identical. Then by Lemma 2.2
the Hopf chords for. and those fotM are transformed into each other by delta moves.
ThusL andM are delta equivalent. O
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Lemma 2.5. Each pair of the embeddings illustrated in Fi are clasp-pass equivalent.

Proof. For (1), see Fig. 13. Then the proofs of (2), (5) and (6) are analogous to that of
Lemma 2.2 and we omit them. For (3), see Fig. 14. Then (4) is an immediate consequence
of (3). For (7), see Fig. 15. For (8) and (9), it is easy to see that two embeddings are ambient
isotopic. O

As before we remark here that a simultaneous change of two subsequent crossings on a
string with an associated band of a Borromean ring is realized, no matter how the crossings
are far from the Borromean ring, by an application of a clasp-pass move. By this fact and
by Lemma 2.5(5) and (6) we have that the positions of the bands attaching to Borromean
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rings are freely changeable up to clasp-pass equivalence. By Lemma 2.5 (2), (3), (4) and (7)
we have the following. Leb1 1 Ub12U b1 3U 1#1(33) andbp 1 Ubz2Uby3U lﬁz(B3) be

two Borromean chords such thei , is next tob, , on f(G) for eachp =1,2,3 and

the total number of half-twists of bands differs by an odd number. Then they cancel up
to clasp-pass equivalence. In the following proofs of theorems we use these facts without
explicit mention.

All strategies of the proofs below are essentially the same as that of Theorem 1.3.
Namely after showing that certain invariants suchuastc. are clasp-pass equivalence
invariants, we deform a link or a spatial graph to a ‘canonical form’. It then turns out that
canonical forms with the same invariants are clasp-pass equivalent.

Lemma 2.6. Let H be a subgraph of a graplG. Let f,g:G — S3 be clasp-pass
equivalent embeddings. Then the restriction mgpg, gln: H — S are clasp-pass
equivalent.
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Fig. 15.

Proof. It is sufficient to consider the case thAtand g are related by single clasp-pass
move. If the four strings that appear in the clasp-pass move are all contained in the image
of H then f|y andg|y are also related by the same clasp-pass move. If not then we have

f|g andg|y are ambient isotopic. This completes the proafi

Lemma2.7.
(1) If oriented knotd. and M are clasp-pass equivalent thep(L) = ax(M).

(2) If n-component oriented links and M are clasp-pass equivalent thep,1(L) =

an+l(M) (mOd 2.

(3) If three-component ordered oriented linksand M are clasp-pass equivalent then

w(L) = u(M) modulo the linking numbers of two-component sublinks.
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Proof. (1) This is an easy half of Theorem 1.2. In fact it easily follows from the formula
a2(K4) —aza(K_) = £k(Lo) whereK _ is an oriented knot obtained from an oriented knot
K+ by changing a positive crossing to a negative one,layts an oriented 2-component
link obtained by smoothing the crossing [6].

(2) Note that a clasp-pass move is realized by a pass move. Pass moves preserve both
the linking number and the Arfinvariant [11], and so do clasp-pass moves. Lemma 2.6 and
[21, Theorem] complete the proof.

(3) Sincepn is alink homotopyinvariant [9] it is sufficient to show that clasp-pass
equivalence implies link homotopy for three-component links. Note that each of the tangles
of clasp-pass move contains four strings. Sifices a three-component link at least two
of them belong to the same component. Then it is easy to check that a clasp-pass move is
realized by link homotopy. O

Proof of Theorem 1.4. It follows from [21, Theorem] that the conditions (2) and (3) are
equivalent. By Lemmas 2.6 and 2.7 we have that (1) implies (2). We show the converse.
SinceL is algebraically split we have by Theorem 1.3 tlais delta equivalent to an
n-component trivial linkX = Y1 U ---UY,. Then by Lemma 2.1(2) we have thatis
a band sum of Borromean rings afd Let C be a Borromean chord of the band sum.
We say that theype of C is (i, j, k) if ¢(C) ={Y;,Y;, Y}, (G, j) if e(C) =1{Y;,7;}
and (i) if ¢(C) = {Y¥;}. Using Lemma 2.5 we deformh up to clasp-pass equivalence so
that:
(1) each Borromean chord of tyg# is contained in a 3-ball as illustrated in Fig. 16(a)
or (b), and for eacly, not both of (a) and (b) occur,

(2) each Borromean chord of typg, j) is contained in a 3-ball as illustrated in
Fig. 16(c) or (d), and

(3) each Borromean chord of tyge, j, k) is contained in a 3-ball as illustrated in
Fig. 16(e) or (f), and for each j, k, not both of (e) and (f) occur.

By sliding one of the three bands of a Borromean chord of tgip¢) along ¥; as
illustrated in Fig. 17 and by Lemma 2.5 we have that two Borromean chords as illustrated in
Fig. 16(c) and (d) are transformed into each other by clasp-pass moves. Then by Lemma 2.5
we have that two Borromean chords of typgj) cancel each other.

Therefore we have:

(4) for each 1< i < j < n, there is at most one Borromean chord of type) and if

there is, it is contained in a 3-ball as illustrated in Fig. 16(c).

Then we deformM to a similar form and compare them. Note that the local knots
illustrated in Fig. 16(a) and (b) are a trefoil knot and a figure eight knot, respectively. Since
ay(trefoil knot) = 1, ax(figure eight knot= —1 anday is additive under connected sum of
knots [6], we may suppose, by the conditioi(J;) = a2(K;) and by the invariance af»
under clasp-pass equivalence, that the Borromean chords ofityjoe L and those folM
are identical. Using the skein relation at the marked crossing point in Fig. 16(c) together
with the resultin [4] we can check thag(J; U J;) = 0 (mod 2 if and only if there are even
number of Borromean chords of typg j). By a calculation we have that(J; U J; U Ji)
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is equals to the signed number of Borromean chords of typge k) where the sign is 1 if
they are as illustrated in Fig. 16(e) ard. if they are as illustrated in Fig. 16(f). Thus we
have the result. O
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Proof of Theorem 1.5. It follows from [21, Theorem] that the conditions (2) and (3) are
equivalent. By Lemmas 2.6 and 2.7 we have that (1) implies (2). We show the converse. Let
Lk(J1, J2) = 1. Then by Theorem 1.3 we have thais delta equivalent to a 2-component
link X; =Yy U Y> as illustrated in Fig. 18(a) or (b) accordingitds positive or negative.
Then by Lemma 2.1(2) we have thats a band sum of Borromean rings akigd

Then as in the proof of Theorem 1.4 we defoknup to clasp-pass equivalence so that:

(1) each Borromean chord of tyga is contained in a 3-ball as illustrated in Fig. 16(a)

or (b), and for eacly, not both of (a) and (b) occur,
(2) there is at most one Borromean chord of type?) and if there is, it is contained in
a 3-ball as illustrated in Fig. 16(c).

Suppose thdtis even. Then as in the proof of Theorem 1.4 we can check that the parity
of a3z changes after attaching a Borromean chord of t¢&). However wher is odd
the parity does not change. Therefore we must show that wiewndd we can erase a
Borromean chord of typél, 2) by clasp-pass moves. First we give a full-twistp and
performi(l — 1) /2 applications of a clasp-pass move. Then we perfoapplications of a
delta-move by Lemma 2.2(2) and back to the original fornXpfs illustrated in Fig. 19.
We replace each of the delta moves above by band sum of Borromean rings. By the proof
of Lemma 2.2 we have that the type of each Borromean cho(dl, ). Thus we have
that X; is clasp-pass equivalent &y together with/ Borromean chords of typél, 2). If
we consider the clasp-pass equivalence above together with the Borromean chdrds for
then we have, with some additional clasp-pass moves/tlimtlasp-pass equivalent to a
band sum ofl. and/ Borromean chords of typél, 2). Sincel is odd we have the desired
conclusion. O

Proof of Theorem 1.7. It follows from [21, Theorem] that the conditions (2) and (3) are
equivalent. By Lemmas 2.6 and 2.7 we have that (1) implies (2). We show the converse.
Let ¢k(J1, J2) = l1, Lk(J2, J3) = Ip and £k(J3, J1) = I3. Then by Theorem 1.3 we have
that L is delta equivalent to a 3-component lixk, ;, ;; = Y1 U Y2 U Y3 as illustrated in

Fig. 20 where the cade =2, /> = —2, 13 = 3 is illustrated.
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Then by Lemma 2.1(2) we have thatis a band sum of Borromean rings aig ;, /5.
Then as in the proofs of Theorems 1.4 and 1.5 we defbrap to clasp-pass equivalence
so that:

(1) each Borromean chord of tyg# is contained in a 3-ball as illustrated in Fig. 16(a)

or (b), and for eacly, not both of (a) and (b) occur,

(2) for eachi there is at most one Borromean chord of type + 1) (here we consider

3+ 1=1)andif thereis, it is contained in a 3-ball as illustrated in Fig. 16(c), and

(3) each Borromean chord of tygéd, 2, 3) is contained in a 3-ball as illustrated in

Fig. 16(e) or (f), and not both of (e) and (f) occur.
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Then we deformM up to clasp-pass equivalence to a band sum of Borromean rings and
X1,,15,15 Satisfying (1), (2) and (3).

As before we have that the Borromean chords of tgipdor L and for M correspond
to az(J;) and ax(K;), respectively. Sincein(J;) = a2(K;) we may suppose that they
are identical. Next we consider Borromean chords of tyhe, 3). Note thatu (L) is
determined up to the greatest common divigoof /1, /> andl3. By a calculation we
have that the signed number of Borromean chords of {ip@&, 3) for L (respectively
M) is congruent tqu(L) (respectivelyt(M)) modulod. By the deformation oX, 1, 1, as
illustrated in Fig. 21 we have thatis clasp-pass equivalent to a band surf) &orromean
rings of type(l, 2, 3), /; Borromean rings of typé&, i + 1) and L. Thus we have that the
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number of Borromean chords of typg#, 2, 3) is changeable up to eaéh hence up tal.
Therefore we may suppose that the Borromean chords of(fiyf@e3) for L and those for

M are identical. Note that by further applications of a clasp-pass move we have that the
conditions (1), (2) and (3) still hold. Next we will deforifa up to clasp-pass equivalence
so that the Borromean chords of tyfiei 4+ 1) for L coincides with those fod. Suppose
that all; are even. Then by the conditions(J; U J;+1) = a3(K; U K;1+1) (mod 2 we
have the result as in the proof of Theorem 1.5. Next suppose that one or tiypipf
andlz are odd. Suppose thatis odd. Then by the deformation illustrated in Fig. 22 and
Lemma 2.5 we can create or eliminate a Borromean chord of(iype- 1). Thus we have
the result. Finally suppose thiai,ls is odd. Then by the deformation illustrated in Fig. 22
and Lemma 2.5 we can replace a Borromean chord oftype- 1) by a Borromean chord

of type(i + 1, i + 2). However the parity of the total number of Borromean chords of types
(1,2),(2,3) and(3, 1) is invariant under this deformation. By a calculation using the skein
relation at the marked crossing pointin Fig. 16(c) we have that the parity 6 changes
under a band sum of a Borromean chord of tgipé+ 1). Therefore we have that the parity
for L is equal to that fod!. Thus we have the result.0

Tl

<
delta moves D?-\g\\/g/] L-\:-—ﬁ/ Q

l clasp-pass moves

Lo b=
JTTT U

Fig. 22.
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3. Clasp-pass moveson spatial graphs

In this section we give a proof of Theorem 1.11. We use the following characterization
of planar graphs without disjoint cycles.

Let G be a finite graph. We denote the set of all edge& dfy E(G) and the set of all
vertices ofG by V(G). Let W be a subset oV (G). ThenG — W denotes the maximal
subgraph ofG with V(G — W) = V(G) — W. A finite graphG is called ageneralized
bouquetf there is a vertex of G such thaiG — {v} does not contain cycles. éycleis a
graph that is homeomorphic to a circle. A loopless gré&pk called amulti-spoke wheeéf
there is a vertex of G such thailG — {v} is a cycle. Then the edges incidenttare called
spokesand the edges that are not spokes are céliesl A double tridents a planar graph
as illustrated in Fig. 23. Here the marked edges are allowed to have multiplicity. Namely
there may be more edges joining the same vertices.

Let G be a finite graph. Theeduced graph of; is the maximal subgraph @ without
vertices of degree less than two.

Theorem 3.1 [18]. Let G be a planar graph without disjoint cycles. Then at least one of
the followings holds

(1) G is a generalized bouquet,

(2) the reduced graph aff is homeomorphic to a multi-spoke wheel,

(3) the reduced graph aff is homeomorphic to a subgraph of a double trident.

We also need, as a sequel to Lemma 2.5, the following Lemma 3.2.
Lemma 3.2. Each pair of the embeddings illustrated in Fyl are clasp-pass equivalent.

Proof. (1) Itis easy to see that these two embeddings are ambient isotopic.
(2) By (1) we add one more Borromean chord to the left-hand side. Then we deform the
two Borromean chords using Lemma 2.5 so that they cancel each other by Lemma 2.5(7).
(3) The proofis illustrated in Fig. 25.0

Proof of Theorem 1.11. The ‘only if’ part follows by Lemmas 2.6 and 2.7. We show
the ‘if’ part. Letu: G — $2 be an embedding such that there is a 2-splseres? with

Fig. 23.
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u(G) C S. Note that such an embedding is unique up to ambient isotogsy if8]. Let

f:G — S3 be an embedding. Then by Theorem 1.10 and Lemma 2.1(2) we havgighat

a band sum of Borromean rings amdUsing Lemmas 2.5 and 3.2 we will deforfnup to
clasp-pass equivalence to a special form of band sum of Borromean rings &imdilarly

we will deformg to a special form of band sum of Borromean rings andhen we will
compare them and using the assumption we will show that they are clasp-pass equivalent.
We note that when we use Lemma 3.2(3) we always apply it in the direction that increases
the number of the Borromean chords. Namely “by an application of Lemma 3.2(3) at a
vertexv” we mean the change from left-hand side embedding of Fig. 24(3) to the right-
hand side one where the vertex in Fig. 24(3) is considered Ascording to Theorem 3.1

we divide the proof into the following three cases.

Case 1. G is a generalized bouquet.

By subdivingG if necessary, we may assume tl@athas no loops. Let be a vertex
of G such thatG — {v} does not contain cycles. Suppose thatis a band sum of
Borromean rings ana. We will deform f up to clasp-pass equivalence. By repeated
applications of Lemma 3.2(3) we have that all bands are attached to the edges incident
to v sinceG — {v} does not contain cycles. Then by Lemma 3.2(1) and (2) we erase each
Borromean chord whose associated edges are three different edges. Then by applications
of Lemma 3.2(3) ab we replace each Borromean chord which has only one associated
edge by the Borromean chords each of which has just two associated edges. Thus we
have that the associated edges of each Borromean chord are just two edges inaident to
Suppose that the two edges are not on any cyc@.afhen by deforming up to ambient
isotopy if necessary, we have that the two edges are next to each other on the 2-sphere
S containingu(G). Then we erase the Borromean chord by the deformation illustrated
in Fig. 26 and Lemma 2.5. Then we defogrup to clasp-pass equivalence to a similar
form of a band sum of Borromean rings amdNote that for each Borromean chord there
is a unique cycler of G containing the two associated edges. By the assumption and by
the invariance ofi; under clasp-pass moves we have thtf (y)) = a2(g(y)). Then by
Lemma 2.5 we have that the Borromean chordg @ihdg with respect to the cyclg are
transformed into each other by clasp-pass moves. Thus we havedinal are clasp-pass
equivalent.

Case 2. The reduced graph @ is homeomorphic to a multi-spoke wheel.

We may suppose without loss of generality tBaitself is a multi-spoke wheel. Letbe
the vertex ofG such thatG — {v} is a cycle. Lets, ..., v, be the vertices of the cycle in a
cyclic order. Let; 1, ¢; 2, ... be the edges af joining v andw; . Letd; be the edge joining
v; andv;11 wheren +1=1.

We will deform f up to clasp-pass equivalence to a special form of a band sum of
Borromean rings and such that each Borromean chakdsatisfies one of the followings:

(@) e(R) ={di},

(b) e(R) ={e; j, eix} for somei, j, k with j #k,

(c) e(R) ={di,ej,e,m) for somei, j, k,I,m with j #1.
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Suppose thaft is a band sum of Borromean rings amdWe will deform f up to clasp-
pass equivalence to the form above step by step as follows. Each step will be done without
disturbing the preceding steps.

Step 1. Erase each Borromean choRdwith e(R) = {e} for some edge of G with
e#ds.

This is possible by Lemma 3.2(3) and by the fact tfidtas no loops.

Step 2. Erase each Borromean chord whose set of the associated edges contains only
tires and not equal tf1}.

Using Lemma 3.2(3) we slide the bands along the cycle of the tires to#aadd we
have the result.

Step 3. Erase each Borromean chord whose associated edges are one spoke and two
tires, or one spoke and one tire.

For both cases, by using Lemma 2.5(8) or (9) if necessary, we may suppose that one band
attaches to a spoke and the other bands attach to tires. Then using Lemma 3.2(3) we slide
the two bands attaching to the tires or a tire along the cycle of the tires in mutually opposite
directions to the two tires adjacent to the spoke and then we eliminate it by Lemma 3.2(1)
or (2).

Step 4. Erase each Borromean chord whose associated edges are two different spokes
and one tire that is not the form of (c). Namely the two spokes are mutually multiple edges.

Using Lemma 3.2(3) we slide the band attaching to a tire along the cycle of the tires
until it comes to a tire incident to the two spokes and then we eliminate it by Lemma 3.2(1)
or (2).
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Step 5. Erase each Borromean chord whose associated edges are spokes only that is not
the form of (b).

Suppose that the associated edges;arande; ; with i # k. Suppose that two bands are
attaching te; ;. Thenwe apply Lemma 3.2(3) at the verigxSuppose that the associated
edges are three different spokes then we eliminate the Borromean chord by Lemma 3.2(1)
or (2).

Thus we have thaf is a band sum of Borromean rings anduch that each Borromean
chordR satisfies one of (a), (b) and (c). Then using Lemma 3.2(3) and Lemma 3.2(1) or (2)
we further deform each Borromean chord satisfying (c) to a Borromean ¢hsatisfying
the following condition:

(d) e(R) =1{dj,ejk,erm} forsomej, k, I, m with j #1.

Next we deformg up to clasp-pass equivalence to a similar form. Namely we have that
g is a band sum of Borromean rings anduch that each Borromean chakdsatisfies one
of (a), (b) and (d).

Then by Lemma 2.5 we perform possible cancellations of the pairs of the Borromean
chords of different parity of the total number of half-twists of bands for eachi afidg.

Now we are ready to compapeandg.

Note that the Borromean chords satisfying (b) or (d) do not affect the knot type of the
cycle G — {v}. Therefore by the conditiom( f (G — {v})) = a2(g(G — {v})) we have that
the number of the Borromean chordsjogatisfying (a) is equal to that @f Thus they are
transformed into each other by clasp-pass moves. Next we consider the Borromean chords
satisfying (d) for each, k, [, m with j # [. Note that there is just one cycle 6fcontaining
the edged;, ¢; x ande; ,,. Note that the Borromean chords satisfying (b) do not affect the
knot type of this cycle. Therefore we have that the number of the Borromean chofds of
satisfying (d) forj, k, [, m with j =£ [ is equal to that og. Thus they are also transformed
into each other by clasp-pass moves. Finally we consider the 2-cycle of theedgewl
e; k. Using Lemma 2.5 we have that the Borromean rings attachieg t@nde; i of f
andg are transformed into each other by clasp-pass moves. Thus we hayeahdp are
clasp-pass equivalent.

Case 3. The reduced graph @ is homeomorphic to a subgraph of a double trident.

We will show the case thaf itself is a double trident. Other cases are essentially the
same and we omit them. We name the edges af illustrated in Fig. 27.

We consider the indices of the edges modulo 3. Namely we consideeghat= eq,
d3y2 =do, e3+1,; = e1,; etc. We will deformy up to clasp-pass equivalence to a band sum
of Borromean rings and such that each Borromean chatdsatisfies one of the following
conditions:

(@) e(R) ={ewi, ez, e3 ) for somei, j, k,

(b) e(R) ={ei,j, €i+1k ei+2} for somei, j, k,

(c) e(R) ={ei,j, ei+1,k,d;} for somei, j, k,

(d) e(R) ={e;,j, e} for somei, j, k with j #k,

(e) e(R) ={e;,j, ei, eiy1} for somei, j,

(f) e(R) ={e;,j,d;, diy1}) for somei, j,
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(9) e(R) ={ei,j. ei,diy1} for somei, j,
(h) e(R) ={ei ;. d;, ei+1} for somei, j,
(i) e(R) ={ei,d;2} for somei.

For this purpose we will deforny step by step as in case 2 without disturbing the

previous steps.

Step 1. Erase each Borromean chaRdwith (R) = {e} for some edge of G.

Step 2. Erase each Borromean chaoRdwith e(R) = {e;, dj+1, di+2} or {d;, e;j+1, ei+2}
for somei.

Step 3. Erase each Borromean choRl with &(R) = {e;, e¢j+1,d;}, {ei, ej+1,di+1},
{di,dit1,e;} or{d;,dit+1, e;+1} for somei.

Step 4. Erase each Borromean chaRdwith (R) = {e;, d;} for somei.

Step 5. Erase each Borromean chaRdwith e(R) = {¢;, d;+1} for somei.

Step 6. Erase each Borromean chorRdwith e(R) = {e;, e;+1} or {d;, d;+1} for some
i,7.

Step 7. Erase each Borromean chaRdwith e(R) = {e;, d;, e; 11, j} for somei, j.

Step 8. Erase each Borromean chaRdwith (R) = {e;, diy1, eit1,}, {ei, div2, eit1, 5},
{di,eiy1,ei41,j} Or{d;, ei12,eiy1,;} for somei, j.

Step 9. Erase each Borromean chaRdwith e(R) = {e;, ej 41, eiy1,;}, {ei, €iv1, €i42,j},
{di,diy1,ei11,j} or{d;, dis1, ei12 ;) for somei, j.

Step 10. Erase each Borromean chakdwith e(R) = {e;, ¢j11,j, ei+1.k} OF {d;, eit1,;,
eit+1.x} forsomei, j, k with j # k.

Step 11. Erase each Borromean chaRdvith e(R) = {e;, e;11,;} Or {d;, e; 11, ;} for some
L ]J.

Step 12. Erase each Borromean chaRdwith e(R) = {e;, e; }, {ei, eit2,j}, {di, ei j} Or
{d;, eiy2,;} for somei, j.

Step 13. Erase each Borromean chaRdwith ¢(R) = {e; j, e; 11,4} for somei, j, k.

Step 14. Erase each Borromean choRdwith e(R) = {e; j, ei+1.k, €} OF {e; j, €ir1k,
d; 12} for somei, j, k.
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We note that each step above is done by applications of Lemmas 2.5 and 3.2. We omit the
details. Then we erase each Borromean chord whose associated edges are three different
edges incident to a common vertex by Lemma 3.2(1) or (2).

Next we deformg to a similar form. Now we are ready to compafeandg. First we
consider the knot types of the 4-cycle with the edges; 1, d; 11, d;. Only the Borromean
chords satisfying the condition (i) affect on the knot type of this cycle. Therefore we can
control the Borromean chords satisfying (i). Then by considering appropriate cycles we
can control other Borromean chords and we have the result. We omit the details.
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