
Topology and its Applications 122 (2002) 501–529

Clasp-pass moves on knots, links and spatial graphs

Kouki Taniyamaa,∗, Akira Yasuharab,1

a Department of Mathematics, College of Arts and Sciences, Tokyo Woman’s Christian University,
Zempukuji 2-6-1, Suginamiku, Tokyo 167-8585, Japan

b Department of Mathematics, Tokyo Gakugei University, Nukuikita 4-1-1, Koganei, Tokyo 184-8501, Japan

Received 8 September 2000; received in revised form 26 March 2001

Dedicated to Professor Kazuaki Kobayashi in honor of his 60th birthday

Abstract

A clasp-pass moveis a local move on oriented links introduced by Habiro in 1993. He showed
that two knots are transformed into each other by clasp-pass moves if and only if they have the same
second coefficient of the Conway polynomial. We extend his classification to two-component links,
three-component links, algebraically split links, and spatial embeddings of a planar graph that does
not contain disjoint cycles. These are classified in terms of linking numbers, the second coefficient
of the Conway polynomial, the Arf invariant, and the Milnorµ-invariant. 2002 Elsevier Science
B.V. All rights reserved.

AMS classification:Primary 57M25, Secondary 57M15
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1. Introduction

Throughout this paper we work in the piecewise linear category. The following result is
the first nontrivial geometric classification of all oriented knots by an algebraic invariant.

Theorem 1.1 (Kauffman [5]).Let K1 and K2 be oriented knots in the three-sphereS3.
ThenK1 and K2 are transformed into each other by pass moves and ambient isotopy if
and only ifa2(K1) ≡ a2(K2) (mod 2) whereai denotes theith coefficient of the Conway
polynomial, and a pass move is a local move on oriented knots as illustrated in Fig.1.
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Fig. 1.

Fig. 2.

In 1993 Habiro defined aclasp-pass moveon knots and links as a local move illustrated
in Fig. 2 and showed the following theorem. In [3] Habiro shows Theorem 1.2 as a corollary
to his originalclasper theory. A direct proof is given in [2].

Theorem 1.2 [2], [3, Proposition 7.1].Let K1 andK2 be oriented knots inS3. ThenK1

andK2 are transformed into each other by clasp-pass moves and ambient isotopy if and
only if a2(K1) = a2(K2).

Note that a clasp-pass move is always realized by a pass move no matter how the strings
are oriented. Therefore Theorem 1.2 is a refinement of Theorem 1.1. Namely Theorem 1.1
gives aZ2 classification of oriented knots whereas Theorem 1.2 gives aZ classification of
oriented knots.

In this paper we consider the classification of certain links and spatial graphs under
clasp-pass moves. Adelta moveis a local move defined in [11] as illustrated in Fig. 3. It is
not hard to see that the mirror image move of a delta move is realized by a delta move and
ambient isotopy. However we do not use this fact later.

A delta equivalenceis an equivalence relation generated by delta moves and ambient
isotopy. Similarly aclasp-pass equivalenceis an equivalence relation generated by clasp-
pass moves and ambient isotopy. We will show in Section 2 that a clasp-pass move
is realized by two applications of a delta move. So clasp-pass equivalence is stronger
than delta equivalence. Therefore before considering the clasp-pass classification we
must consider the delta classification. The following delta classification of links is
known.
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Fig. 3.

Theorem 1.3 [11]. Let L = J1 ∪ · · · ∪ Jn and M = K1 ∪ · · · ∪ Kn be ordered oriented
n-component links. ThenL and M are delta equivalent if and only if�k(Ji, Jj ) =
�k(Ki,Kj ) (1� i < j � n), where�k denotes the linking number.

We will give a new proof of Theorem 1.3 in Section 2. The authors believe our proof is
simpler than the prior proof by Murakami and Nakanishi [11]. Under these situations we
extend Theorem 1.2 as follows.

A link L is calledalgebraically split if every 2-component sublink ofL has linking
number zero. Note that by Theorem 1.3 the algebraically split links are exactly the links
that are delta equivalent to a trivial link.

Theorem 1.4. Let L = J1 ∪ · · · ∪ Jn and M = K1 ∪ · · · ∪ Kn be ordered orientedn-
component algebraically split links. Then the following conditions are equivalent:

(1) L andM are clasp-pass equivalent,
(2) a2(Ji) = a2(Ki) (1 � i � n), a3(Ji ∪ Jj ) ≡ a3(Ki ∪ Kj ) (mod 2) (1 � i < j � n)

andµ(Ji ∪ Jj ∪ Jk) = µ(Ki ∪ Kj ∪ Kk) (1� i < j < k � n),
(3) a2(Ji) = a2(Ki) (1 � i � n), Arf(Ji ∪ Jj ) = Arf(Ki ∪ Kj ) (1 � i < j � n) and

µ(Ji ∪ Jj ∪ Jk) = µ(Ki ∪ Kj ∪ Kk) (1� i < j < k � n).
Hereµ = µijk denotes the Milnor invariant[9] andArf the Arf invariant[15].

A link L is proper if �k(L − K,K) is even for any componentK of L. Here
�k(L − K,K) denotes the sum of the linking numbers ofK and other components ofL.

Theorem 1.5. LetL = J1 ∪ J2 andM = K1 ∪ K2 be ordered oriented2-component links.
Then the following conditions are equivalent:

(1) L andM are clasp-pass equivalent,
(2) �k(J1, J2) = �k(K1,K2), a2(Ji) = a2(Ki) (i = 1,2) anda3(L) ≡ a3(M) (mod 2),
(3) �k(J1, J2) = �k(K1,K2), a2(Ji) = a2(Ki) (i = 1,2) andArf(L) = Arf(M) if L and

M are proper links.

Remark 1.6. (1) In addition the following is shown in the proof of Theorem 1.5.
If �k(J1, J2) = �k(K1,K2) is odd and a2(Ji) = a2(Ki) (i = 1,2) then a3(L) ≡
a3(M) (mod 2) and L and M are clasp-pass equivalent. However for any even integer
l and integersα1, α2 there areL andM such that�k(J1, J2) = �k(K1,K2) = l, a2(Ji) =
a2(Ki) = αi (i = 1,2) anda3(L) ≡ a3(M) + 1 (mod 2).
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(2) Let L0 be an link and[L0]2 (respectively[L0]3) the delta (respectively clasp-
pass) equivalence class that containsL0. In [20], the authors showed that[L0]2/(clasp-
pass equivalence) forms an Abelian group under certain geometric operation with the
unit element[L0]3 and denote it byG3(L0). (In [20], we study more general moves of
spatial graphs.) By [20],G3(L0) andG3(L′

0) are isomorphic ifL0 andL′
0 are either delta

equivalent or 1-component. By the definition of this group and the proof of Theorem 1.5,
we have thatG3(K1 ∪K2) is isomorphic toZ ⊕Z ⊕Z2 (respectivelyZ ⊕Z) if �k(K1,K2)

is even (respectively odd). Thus there are 2-component linksL0 andL′
0 such thatG3(L0)

andG3(L′
0) are not isomorphic.

Theorem 1.7. Let L = J1 ∪ J2 ∪ J3 andM = K1 ∪ K2 ∪ K3 be ordered oriented3-com-
ponent links. Then the following conditions are equivalent:

(1) L andM are clasp-pass equivalent,
(2) �k(Ji, Jj ) = �k(Ki,Kj ) (1 � i < j � 3), a2(Ji) = a2(Ki) (i = 1,2,3), a3(Ji ∪

Jj ) ≡ a3(Ki ∪ Kj ) (mod 2) (1 � i < j � 3), µ(L) ≡ µ(M) (mod �k(J1, J2),

�k(J2, J3), �k(J3, J1)) anda4(L) ≡ a4(M) (mod 2),
(3) �k(Ji, Jj ) = �k(Ki,Kj ) (1 � i < j � 3), a2(Ji) = a2(Ki) (i = 1,2,3), Arf(Ji ∪

Jj ) = Arf (Ki ∪ Kj ) if Ji ∪ Jj andKi ∪ Kj are proper links,Arf(L) = Arf (M) if L

andM are proper links andµ(L) ≡ µ(M) (mod�k(J1, J2), �k(J2, J3), �k(J3, J1)).
Hereµ = µ123 denotes the Milnor invariant that is defined modulo the greatest common
divisor of�k(J1, J2), �k(J2, J3) and�k(J3, J1).

Remark 1.8. In addition the following is shown in the proof of Theorem 1.7. If
�k(J1, J2)�k(J2, J3)�k(J3, J1) is even,�k(Ji, Jj ) = �k(Ki,Kj ) (1 � i < j � 3), a2(Ji) =
a2(Ki) (i = 1,2,3), a3(Ji ∪ Jj ) ≡ a3(Ki ∪ Kj ) (mod 2) (1 � i < j � 3) andµ(L) =
µ(M) then a4(L) ≡ a4(M) (mod 2) and L and M are clasp-pass equivalent. However
for any odd integersl1, l2, l3 and integersα1, α2, α3, β1, β2, β3, λ there areL andM such
that�k(Ji, Ji+1) = �k(Ki,Ki+1) = li (i = 1,2,3) (here we consider 3+ 1 = 1), a2(Ji) =
a2(Ki) = αi (i = 1,2,3), a3(Ji ∪ Ji+1) ≡ a3(Ki ∪ Ki+1) ≡ βi (mod 2) (i = 1,2,3),
µ(L) ≡ µ(M) ≡ λ (modl1, l2, l3) anda4(L) ≡ a4(M) + 1 (mod 2).

The following is a delta classification of spatial graphs.

Theorem 1.9 [12, Theorems 1.1 and 1.3].Two embeddings of a finite graph intoS3 are
delta equivalent if and only if they have the same Wu invariant.

It is known that Wu invariant generalizes linking number [19], and Theorem 1.9
generalizes Theorem 1.3. The following Theorem 1.10 is an immediate consequence of
[18, Theorem C] and [12, Theorem 1.3]. A finite graphG is planar if it is embeddable into
the plane. Acycleof a graphG is a subgraph ofG that is homeomorphic to a circle.

Theorem 1.10. For a finite graphG the following conditions are equivalent:
(1) Any two embeddings ofG into S3 are delta equivalent,
(2) G is a planar graph that does not contain any pair of mutually disjoint cycles.
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Under these situations we consider clasp-pass classification of spatial embeddings of a
planar graph that does not contain disjoint cycles.

Theorem 1.11. LetG be a planar graph that does not contain any pair of mutually disjoint
cycles. Letf andg be embeddings ofG into S3. Thenf andg are clasp-pass equivalent
if and only ifa2(f (γ )) = a2(g(γ )) for every cycleγ of G.

Let ω be afinite type invariantof order less than or equal to 2 for embeddings ofG

into S3 in the sense of [16]. It is known that if two embeddingsf andg of G into S3 are
clasp-pass equivalent thenω(f ) = ω(g) [1,3,13,20]. It is well known thata2 is a finite type
knot invariant of order 2. LetH be a subgraph of a graphG andωH a finite type invariant
of order less than or equal tok for embeddings ofH into S3. Let ωG be an invariant
for embeddings ofG into S3 defined byωG(f ) = ωH (f |H ) wheref |H : H → S3 is a
restriction map off : G → S3. Then it is easy to see thatωG is also a finite type invariant
of order less than or equal tok. See for example [14]. Hence by Theorem 1.11 we have the
following corollary.

Corollary 1.12. Let G be a planar graph that does not contain any pair of mutually
disjoint cycles. Letf and g be embeddings ofG into S3. Thenf and g are clasp-pass
equivalent if and only ifω(f ) = ω(g) for any finite type invariantω of order less than or
equal to2.

Remark 1.13. The ‘if’ part of Corollary 1.12 does not hold for two-component links. In
fact a3(Whitehead link) ≡ 1 (mod 2). Hence by Theorem 1.5 the Whitehead link is not
clasp-pass equivalent to a trivial link. However by [10] we have that they have the same
finite type invariants of order less than or equal to 2. In other wordsa3 (mod 2) is not a
finite type invariant of order less than or equal to 2.

We remark here that clasp-pass equivalence is related tosurgery equivalencedefined
in [7]. In fact it is easy to see that clasp-pass equivalent links are surgically equivalent.
However the converse is not true. In fact any two knots are surgically equivalent.

2. Local moves and their equivalence

Let B3 be the unit 3-ball. We choose and fix an orientation ofB3. A tangle T is a
disjoint union of finitely many properly embedded arcs inB3. A tangleT is trivial if there
is a properly embedded disk inB3 that containsT .

A local moveis a pair of trivial tangles(T1, T2) with ∂T1 = ∂T2. Moreover we assume
that for each componentt of T1 there is a componentu of T2 such that∂t = ∂u. We say
that two local moves(T1, T2) and(U1,U2) areequivalent, denoted by(T1, T2) ∼= (U1,U2),
if there is an orientation preserving self-homeomorphismh : B3 → B3 such that for each
i = 1,2, h(Ti) andUi are ambient isotopic without movingh(∂Ti) = ∂Ui . A local move
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Fig. 4.

that is equivalent to the local move illustrated in Fig. 4(a), (b) or (c) is called acrossing
change, delta moveor clasp-pass moverespectively.

Let (T1, T2) be a local move. Then the local move(T2, T1) is called theinverse of
(T1, T2). It is easily seen that each of a crossing change, a delta move and a clasp-pass
move is equivalent to its inverse.

We choose and fix an orientation of the unit 3-sphereS3. Let G be a finite graph and
f,g : G → S3 embeddings. Let(T1, T2) be a local move that is equivalent to its inverse
andϕ : B3 → S3 an orientation preserving embedding. We say thatf andg arerelated by
(T1, T2) andϕ if the following conditions hold:

(1) if f (x) �= g(x) then bothf (x) andg(x) are contained inϕ(intB3),
(2) f (G) ∩ ϕ(B3) = ϕ(T1),
(3) g(G) ∩ ϕ(B3) = ϕ(T2).

Then we also say thatg is obtained fromf by anapplicationof (T1, T2). We say that
f and g are related by(T1, T2) if they are related by(T1, T2) and ϕ for someϕ. The
(T1, T2)-equivalenceis the equivalence relation on the set of all embeddings ofG into S3

generated by the relation above and ambient isotopy. In particular we say thatf andg are
delta equivalent(respectivelyclasp-pass equivalent) if they are transformed into each other
by applications of a delta (respectively clasp-pass) move and ambient isotopy. When the
graphG is homeomorphic to a disjoint union ofn circles, there is a natural correspondence
between the ambient isotopy classes of embeddings ofG into S3 and the ambient isotopy
classes of ordered orientedn-component links. Under this correspondence we consider
(T1, T2)-equivalence on ordered oriented links.

For k = 1,2, let Vk ⊂ B3 be a tangle andAk ⊂ ∂B3 a disjoint union of arcs with
∂Vk = ∂Ak as illustrated in Fig. 5. Letf : G → S3 be an embedding. Letm be a natural
number. Letψi : B3 → S3 be an orientation preserving embedding for eachi ∈ {1, . . . ,m}.
Let bi,p be a 2-disk embedded inS3 for eachi ∈ {1, . . . ,m} andp ∈ {1,2} (respectively
p ∈ {1,2,3}). Suppose thatψi(B

3) ∩ f (G) = ∅ for each i, ψi(B
3) ∩ ψj (B3) = ∅ if

i �= j and bi,p ∩ bj,q = ∅ if (i,p) �= (j, q). Suppose thatbi,p ∩ f (G) = ∂bi,p ∩ f (G)

is an arc away from the vertices of the embedded graphf (G) for eachbi,p . Suppose that
bi,p ∩ψj (B3) = ∅ if i �= j andbi,p ∩ψi(B

3) = ∂bi,p ∩ψi(∂B3) is a component ofψi(A1)

(respectivelyψi(A2)) for eachbi,p . Let g : G → S3 be an embedding with the following
properties:

(1) if f (x) is not contained in
⋃

i,p bi,p theng(x) = f (x),
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Fig. 5.

(2) g(G) = f (G) ∪ ⋃
i,p ∂bi,p ∪ ⋃

i ψi(V1) − ⋃
i,p int(f (G) ∩ bi,p) − ⋃

i ψi(intA1)

(respectivelyg(G) = f (G) ∪ ⋃
i,p ∂bi,p ∪ ⋃

i ψi(V2) − ⋃
i,p int(f (G) ∩ bi,p) −

⋃
i ψi(intA2)).

Then we say thatg is aband sum of Hopf links(respectivelyBorromean rings) andf . We
call eachbi,j a band. Note that eachψi(V1 ∪ A1) (respectivelyψi(V2 ∪ A2)) is a Hopf
link (respectivelyBorromean ring) in S3. The unionbi,1 ∪ bi,2 ∪ ψi(B

3) (respectively
bi,1 ∪ bi,2 ∪ bi,3 ∪ ψi(B

3)) is called aHopf chord(respectivelyBorromean chord) and the
bandsbi,1, bi,2 (respectivelybi,1, bi,2, bi,3) are called theassociated bandsof the Hopf
chord (respectively Borromean chord). An edgee of G (or f (e)) is called anassociated
edgeof a chord iff (e) has intersection with the chord. The set of the associated edges of
a chordC is denoted byε(C).

From now on we consider embeddings up to ambient isotopy without explicit mention.
The following Lemma 2.1(1) is folklore in knot theory (cf. [17,22]) and Lemma 2.1(2)

is a natural generalization of [23, Lemma].

Lemma 2.1.
(1) Let f,g : G → S3 be any embeddings. Theng is a band sum of Hopf links andf .
(2) Let f,g : G → S3 be delta equivalent embeddings. Theng is a band sum of

Borromean rings andf .

Proof. Fig. 6 shows that a crossing change (respectively delta move) is equivalent to a
band sum of a Hopf link (respectively Borromean ring).

By the assumption there is a finite sequence of embeddingsf = f0, f1, . . . , fm =
g : G → S3 and orientation preserving embeddingsϕ1, . . . , ϕm : B3 → S3 such thatfi−1

and fi are related by(D1,D2) and ϕi for each i ∈ {1, . . . , n} where (D1,D2) is a
crossing change (respectively delta move). Then we have thatfm is a band sum of a
Hopf link (respectively Borromean ring) andfm−1. Now we assume inductively thatfm

is a band sum of Hopf links (respectively Borromean rings) andfk . Suppose that the
Hopf chords (respectively Borromean chords) have intersection withϕk(B3). Then we
sweep and slide them out ofϕk(B3) up to ambient isotopy offm without changingfk .
Note that this deformation is possible since the tangleD2 is trivial. Thus we have that
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Fig. 6.

Fig. 7.

fm is a band sum of Hopf links (respectively Borromean rings) andfk so that the Hopf
chords (respectively Borromean chords) are away fromϕk(B3). Then taking a Hopf link
(respectively Borromean ring) and its associated bands inψk(B3) we have thatfm is a
band sum of Hopf links (respectively Borromean rings) andfk−1. In this way we finally
have thatg = fm is a band sum of Hopf links (respectively Borromean rings) andf0 = f .
This completes the proof.✷
Lemma 2.2. Each pair of the embeddings illustrated in Fig.7 are delta equivalent.

Proof. See Fig. 8. ✷
Remark 2.3. By Lemma 2.2(1) we have that a simultaneous change of two subsequent
crossings on a string with an associated band of a Hopf link is realized, no matter how far
the crossings are from the Hopf link, by an application of a delta move, see Fig. 9.

By two applications of Lemma 2.2(1) we have that a clasp-pass move is realized by delta
moves. Namely we have the following corollary.

Corollary 2.4. Clasp-pass equivalent embeddings are delta equivalent.

Proof of Theorem 1.3. It is easy to check that linking number does not change under
an application of a delta move. Then we have that delta equivalent links have the same
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Fig. 8.

Fig. 9.
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Fig. 10.

Fig. 11.

linking numbers. We will show the converse. We will deformL up to delta equivalence to
a ‘canonical form’. Then we will deformM also to a ‘canonical form’. It turns out that if
L andM have the same linking numbers then these canonical forms are delta-equivalent.

By Lemma 2.1(1) we have thatL is a band sum of Hopf links and a trivial linkX. Then
using Lemma 2.2 we deformL up to delta equivalence so that:

(1) each Hopf chord joining the same component ofX is contained in a small 3-ball as
illustrated in Fig. 10(a) or (b), and

(2) all Hopf chords joining the same pair of components ofX are parallel, see for
example Fig. 10(c).

Then by the deformation illustrated in Fig. 11 we finally have thatL is delta equivalent
to a band sum of Hopf links and a trivial link so that:

(1) no Hopf chord joins the same component, and
(2) all Hopf chords joining the same pair of components are parallel, each of them have

no twists of bands or each of them has just a half twist of bands, which depends on
the sign of the linking number, and therefore the number of such Hopf chords equals
the absolute value of the linking number.

Next we deformM up to delta equivalence to a similar form of band sum of Hopf links
and a trivial link. We may suppose that the trivial links are identical. Then by Lemma 2.2
the Hopf chords forL and those forM are transformed into each other by delta moves.
ThusL andM are delta equivalent.✷
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Fig. 12a.

Lemma 2.5. Each pair of the embeddings illustrated in Fig.12are clasp-pass equivalent.

Proof. For (1), see Fig. 13. Then the proofs of (2), (5) and (6) are analogous to that of
Lemma 2.2 and we omit them. For (3), see Fig. 14. Then (4) is an immediate consequence
of (3). For (7), see Fig. 15. For (8) and (9), it is easy to see that two embeddings are ambient
isotopic. ✷

As before we remark here that a simultaneous change of two subsequent crossings on a
string with an associated band of a Borromean ring is realized, no matter how the crossings
are far from the Borromean ring, by an application of a clasp-pass move. By this fact and
by Lemma 2.5(5) and (6) we have that the positions of the bands attaching to Borromean
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Fig. 12b.

rings are freely changeable up to clasp-pass equivalence. By Lemma 2.5 (2), (3), (4) and (7)
we have the following. Letb1,1 ∪ b1,2 ∪ b1,3 ∪ ψ1(B3) andb2,1 ∪ b2,2 ∪ b2,3 ∪ ψ2(B3) be
two Borromean chords such thatb1,p is next tob2,p on f (G) for eachp = 1,2,3 and
the total number of half-twists of bands differs by an odd number. Then they cancel up
to clasp-pass equivalence. In the following proofs of theorems we use these facts without
explicit mention.

All strategies of the proofs below are essentially the same as that of Theorem 1.3.
Namely after showing that certain invariants such asa2 etc. are clasp-pass equivalence
invariants, we deform a link or a spatial graph to a ‘canonical form’. It then turns out that
canonical forms with the same invariants are clasp-pass equivalent.

Lemma 2.6. Let H be a subgraph of a graphG. Let f,g : G → S3 be clasp-pass
equivalent embeddings. Then the restriction mapsf |H ,g|H : H → S3 are clasp-pass
equivalent.
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Fig. 13.

Fig. 14.



514 K. Taniyama, A. Yasuhara / Topology and its Applications 122 (2002) 501–529

Fig. 15.

Proof. It is sufficient to consider the case thatf andg are related by single clasp-pass
move. If the four strings that appear in the clasp-pass move are all contained in the image
of H thenf |H andg|H are also related by the same clasp-pass move. If not then we have
f |H andg|H are ambient isotopic. This completes the proof.✷
Lemma 2.7.

(1) If oriented knotsL andM are clasp-pass equivalent thena2(L) = a2(M).
(2) If n-component oriented linksL andM are clasp-pass equivalent thenan+1(L) ≡

an+1(M) (mod 2).
(3) If three-component ordered oriented linksL andM are clasp-pass equivalent then

µ(L) ≡ µ(M) modulo the linking numbers of two-component sublinks.
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Proof. (1) This is an easy half of Theorem 1.2. In fact it easily follows from the formula
a2(K+) − a2(K−) = �k(L0) whereK− is an oriented knot obtained from an oriented knot
K+ by changing a positive crossing to a negative one, andL0 is an oriented 2-component
link obtained by smoothing the crossing [6].

(2) Note that a clasp-pass move is realized by a pass move. Pass moves preserve both
the linking number and the Arf invariant [11], and so do clasp-pass moves. Lemma 2.6 and
[21, Theorem] complete the proof.

(3) Sinceµ is a link homotopyinvariant [9] it is sufficient to show that clasp-pass
equivalence implies link homotopy for three-component links. Note that each of the tangles
of clasp-pass move contains four strings. SinceL is a three-component link at least two
of them belong to the same component. Then it is easy to check that a clasp-pass move is
realized by link homotopy. ✷
Proof of Theorem 1.4. It follows from [21, Theorem] that the conditions (2) and (3) are
equivalent. By Lemmas 2.6 and 2.7 we have that (1) implies (2). We show the converse.
SinceL is algebraically split we have by Theorem 1.3 thatL is delta equivalent to an
n-component trivial linkX = Y1 ∪ · · · ∪ Yn. Then by Lemma 2.1(2) we have thatL is
a band sum of Borromean rings andX. Let C be a Borromean chord of the band sum.
We say that thetype of C is (i, j, k) if ε(C) = {Yi, Yj , Yk}, (i, j) if ε(C) = {Yi, Yj }
and(i) if ε(C) = {Yi}. Using Lemma 2.5 we deformL up to clasp-pass equivalence so
that:

(1) each Borromean chord of type(i) is contained in a 3-ball as illustrated in Fig. 16(a)
or (b), and for eachi, not both of (a) and (b) occur,

(2) each Borromean chord of type(i, j) is contained in a 3-ball as illustrated in
Fig. 16(c) or (d), and

(3) each Borromean chord of type(i, j, k) is contained in a 3-ball as illustrated in
Fig. 16(e) or (f), and for eachi, j, k, not both of (e) and (f) occur.

By sliding one of the three bands of a Borromean chord of type(i, j) along Yi as
illustrated in Fig. 17 and by Lemma 2.5 we have that two Borromean chords as illustrated in
Fig. 16(c) and (d) are transformed into each other by clasp-pass moves. Then by Lemma 2.5
we have that two Borromean chords of type(i, j) cancel each other.

Therefore we have:
(4) for each 1� i < j � n, there is at most one Borromean chord of type(i, j) and if

there is, it is contained in a 3-ball as illustrated in Fig. 16(c).
Then we deformM to a similar form and compare them. Note that the local knots

illustrated in Fig. 16(a) and (b) are a trefoil knot and a figure eight knot, respectively. Since
a2(trefoil knot) = 1, a2(figure eight knot) = −1 anda2 is additive under connected sum of
knots [6], we may suppose, by the conditiona2(Ji) = a2(Ki) and by the invariance ofa2

under clasp-pass equivalence, that the Borromean chords of type(i) for L and those forM
are identical. Using the skein relation at the marked crossing point in Fig. 16(c) together
with the result in [4] we can check thata3(Ji ∪Jj ) ≡ 0 (mod 2) if and only if there are even
number of Borromean chords of type(i, j). By a calculation we have thatµ(Ji ∪ Jj ∪ Jk)
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Fig. 16.

Fig. 17.

is equals to the signed number of Borromean chords of type(i, j, k) where the sign is 1 if
they are as illustrated in Fig. 16(e) and−1 if they are as illustrated in Fig. 16(f). Thus we
have the result. ✷
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Fig. 18.

Proof of Theorem 1.5. It follows from [21, Theorem] that the conditions (2) and (3) are
equivalent. By Lemmas 2.6 and 2.7 we have that (1) implies (2). We show the converse. Let
�k(J1, J2) = l. Then by Theorem 1.3 we have thatL is delta equivalent to a 2-component
link Xl = Y1 ∪ Y2 as illustrated in Fig. 18(a) or (b) according tol is positive or negative.
Then by Lemma 2.1(2) we have thatL is a band sum of Borromean rings andXl .

Then as in the proof of Theorem 1.4 we deformL up to clasp-pass equivalence so that:
(1) each Borromean chord of type(i) is contained in a 3-ball as illustrated in Fig. 16(a)

or (b), and for eachi, not both of (a) and (b) occur,
(2) there is at most one Borromean chord of type(1,2) and if there is, it is contained in

a 3-ball as illustrated in Fig. 16(c).
Suppose thatl is even. Then as in the proof of Theorem 1.4 we can check that the parity

of a3 changes after attaching a Borromean chord of type(1,2). However whenl is odd
the parity does not change. Therefore we must show that whenl is odd we can erase a
Borromean chord of type(1,2) by clasp-pass moves. First we give a full-twist toXl and
performl(l − 1)/2 applications of a clasp-pass move. Then we performl applications of a
delta-move by Lemma 2.2(2) and back to the original form ofXl as illustrated in Fig. 19.
We replace each of the delta moves above by band sum of Borromean rings. By the proof
of Lemma 2.2 we have that the type of each Borromean chord is(1,2). Thus we have
thatXl is clasp-pass equivalent toXl together withl Borromean chords of type(1,2). If
we consider the clasp-pass equivalence above together with the Borromean chords forL,
then we have, with some additional clasp-pass moves, thatL is clasp-pass equivalent to a
band sum ofL andl Borromean chords of type(1,2). Sincel is odd we have the desired
conclusion. ✷
Proof of Theorem 1.7. It follows from [21, Theorem] that the conditions (2) and (3) are
equivalent. By Lemmas 2.6 and 2.7 we have that (1) implies (2). We show the converse.
Let �k(J1, J2) = l1, �k(J2, J3) = l2 and�k(J3, J1) = l3. Then by Theorem 1.3 we have
that L is delta equivalent to a 3-component linkXl1,l2,l3 = Y1 ∪ Y2 ∪ Y3 as illustrated in
Fig. 20 where the casel1 = 2, l2 = −2, l3 = 3 is illustrated.
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Fig. 19.

Fig. 20.

Then by Lemma 2.1(2) we have thatL is a band sum of Borromean rings andXl1,l2,l3.
Then as in the proofs of Theorems 1.4 and 1.5 we deformL up to clasp-pass equivalence
so that:

(1) each Borromean chord of type(i) is contained in a 3-ball as illustrated in Fig. 16(a)
or (b), and for eachi, not both of (a) and (b) occur,

(2) for eachi there is at most one Borromean chord of type(i, i + 1) (here we consider
3+ 1 = 1) and if there is, it is contained in a 3-ball as illustrated in Fig. 16(c), and

(3) each Borromean chord of type(1,2,3) is contained in a 3-ball as illustrated in
Fig. 16(e) or (f), and not both of (e) and (f) occur.
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Then we deformM up to clasp-pass equivalence to a band sum of Borromean rings and
Xl1,l2,l3 satisfying (1), (2) and (3).

As before we have that the Borromean chords of type(i) for L and forM correspond
to a2(Ji) and a2(Ki), respectively. Sincea2(Ji) = a2(Ki) we may suppose that they
are identical. Next we consider Borromean chords of type(1,2,3). Note thatµ(L) is
determined up to the greatest common divisord of l1, l2 and l3. By a calculation we
have that the signed number of Borromean chords of type(1,2,3) for L (respectively
M) is congruent toµ(L) (respectivelyµ(M)) modulod . By the deformation ofXl1,l2,l3 as
illustrated in Fig. 21 we have thatL is clasp-pass equivalent to a band sum ofli Borromean
rings of type(1,2,3), li Borromean rings of type(i, i + 1) andL. Thus we have that the

Fig. 21.
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number of Borromean chords of type(1,2,3) is changeable up to eachli , hence up tod .
Therefore we may suppose that the Borromean chords of type(1,2,3) for L and those for
M are identical. Note that by further applications of a clasp-pass move we have that the
conditions (1), (2) and (3) still hold. Next we will deformL up to clasp-pass equivalence
so that the Borromean chords of type(i, i + 1) for L coincides with those forM. Suppose
that all li are even. Then by the conditionsa3(Ji ∪ Ji+1) ≡ a3(Ki ∪ Ki+1) (mod 2) we
have the result as in the proof of Theorem 1.5. Next suppose that one or two ofl1, l2

andl3 are odd. Suppose thatli is odd. Then by the deformation illustrated in Fig. 22 and
Lemma 2.5 we can create or eliminate a Borromean chord of type(i, i + 1). Thus we have
the result. Finally suppose thatl1l2l3 is odd. Then by the deformation illustrated in Fig. 22
and Lemma 2.5 we can replace a Borromean chord of type(i, i +1) by a Borromean chord
of type(i +1, i +2). However the parity of the total number of Borromean chords of types
(1,2), (2,3) and(3,1) is invariant under this deformation. By a calculation using the skein
relation at the marked crossing point in Fig. 16(c) we have that the parity ofa4(L) changes
under a band sum of a Borromean chord of type(i, i +1). Therefore we have that the parity
for L is equal to that forM. Thus we have the result.✷

Fig. 22.
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3. Clasp-pass moves on spatial graphs

In this section we give a proof of Theorem 1.11. We use the following characterization
of planar graphs without disjoint cycles.

Let G be a finite graph. We denote the set of all edges ofG by E(G) and the set of all
vertices ofG by V (G). Let W be a subset ofV (G). ThenG − W denotes the maximal
subgraph ofG with V (G − W) = V (G) − W . A finite graphG is called ageneralized
bouquetif there is a vertexv of G such thatG − {v} does not contain cycles. Acycleis a
graph that is homeomorphic to a circle. A loopless graphG is called amulti-spoke wheelif
there is a vertexv of G such thatG −{v} is a cycle. Then the edges incident tov are called
spokesand the edges that are not spokes are calledtires. A double tridentis a planar graph
as illustrated in Fig. 23. Here the marked edges are allowed to have multiplicity. Namely
there may be more edges joining the same vertices.

Let G be a finite graph. Thereduced graph ofG is the maximal subgraph ofG without
vertices of degree less than two.

Theorem 3.1 [18]. Let G be a planar graph without disjoint cycles. Then at least one of
the followings holds:

(1) G is a generalized bouquet,
(2) the reduced graph ofG is homeomorphic to a multi-spoke wheel,
(3) the reduced graph ofG is homeomorphic to a subgraph of a double trident.

We also need, as a sequel to Lemma 2.5, the following Lemma 3.2.

Lemma 3.2. Each pair of the embeddings illustrated in Fig.24are clasp-pass equivalent.

Proof. (1) It is easy to see that these two embeddings are ambient isotopic.
(2) By (1) we add one more Borromean chord to the left-hand side. Then we deform the

two Borromean chords using Lemma 2.5 so that they cancel each other by Lemma 2.5(7).
(3) The proof is illustrated in Fig. 25.✷

Proof of Theorem 1.11. The ‘only if’ part follows by Lemmas 2.6 and 2.7. We show
the ‘if’ part. Let u : G → S3 be an embedding such that there is a 2-sphereS ⊂ S3 with

Fig. 23.
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Fig. 24.
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Fig. 25.
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u(G) ⊂ S. Note that such an embedding is unique up to ambient isotopy inS3 [8]. Let
f : G → S3 be an embedding. Then by Theorem 1.10 and Lemma 2.1(2) we have thatf is
a band sum of Borromean rings andu. Using Lemmas 2.5 and 3.2 we will deformf up to
clasp-pass equivalence to a special form of band sum of Borromean rings andu. Similarly
we will deformg to a special form of band sum of Borromean rings andu. Then we will
compare them and using the assumption we will show that they are clasp-pass equivalent.
We note that when we use Lemma 3.2(3) we always apply it in the direction that increases
the number of the Borromean chords. Namely “by an application of Lemma 3.2(3) at a
vertexv” we mean the change from left-hand side embedding of Fig. 24(3) to the right-
hand side one where the vertex in Fig. 24(3) is considered asv. According to Theorem 3.1
we divide the proof into the following three cases.

Case 1. G is a generalized bouquet.
By subdivingG if necessary, we may assume thatG has no loops. Letv be a vertex

of G such thatG − {v} does not contain cycles. Suppose thatf is a band sum of
Borromean rings andu. We will deform f up to clasp-pass equivalence. By repeated
applications of Lemma 3.2(3) we have that all bands are attached to the edges incident
to v sinceG − {v} does not contain cycles. Then by Lemma 3.2(1) and (2) we erase each
Borromean chord whose associated edges are three different edges. Then by applications
of Lemma 3.2(3) atv we replace each Borromean chord which has only one associated
edge by the Borromean chords each of which has just two associated edges. Thus we
have that the associated edges of each Borromean chord are just two edges incident tov.
Suppose that the two edges are not on any cycle ofG. Then by deformingu up to ambient
isotopy if necessary, we have that the two edges are next to each other on the 2-sphere
S containingu(G). Then we erase the Borromean chord by the deformation illustrated
in Fig. 26 and Lemma 2.5. Then we deformg up to clasp-pass equivalence to a similar
form of a band sum of Borromean rings andu. Note that for each Borromean chord there
is a unique cycleγ of G containing the two associated edges. By the assumption and by
the invariance ofa2 under clasp-pass moves we have thata2(f (γ )) = a2(g(γ )). Then by
Lemma 2.5 we have that the Borromean chords off andg with respect to the cycleγ are
transformed into each other by clasp-pass moves. Thus we have thatf andg are clasp-pass
equivalent.

Case 2. The reduced graph ofG is homeomorphic to a multi-spoke wheel.
We may suppose without loss of generality thatG itself is a multi-spoke wheel. Letv be

the vertex ofG such thatG − {v} is a cycle. Letv1, . . . , vn be the vertices of the cycle in a
cyclic order. Letei,1, ei,2, . . . be the edges ofG joining v andvi . Let di be the edge joining
vi andvi+1 wheren + 1 = 1.

We will deform f up to clasp-pass equivalence to a special form of a band sum of
Borromean rings andu such that each Borromean chordR satisfies one of the followings:

(a) ε(R) = {d1},
(b) ε(R) = {ei,j , ei,k} for somei, j, k with j �= k,
(c) ε(R) = {di, ej,k, el,m} for somei, j, k, l,m with j �= l.
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Fig. 26.

Suppose thatf is a band sum of Borromean rings andu. We will deformf up to clasp-
pass equivalence to the form above step by step as follows. Each step will be done without
disturbing the preceding steps.

Step 1. Erase each Borromean chordR with ε(R) = {e} for some edgee of G with
e �= d1.

This is possible by Lemma 3.2(3) and by the fact thatG has no loops.
Step 2. Erase each Borromean chord whose set of the associated edges contains only

tires and not equal to{d1}.
Using Lemma 3.2(3) we slide the bands along the cycle of the tires towardd1 and we

have the result.
Step 3. Erase each Borromean chord whose associated edges are one spoke and two

tires, or one spoke and one tire.
For both cases, by using Lemma 2.5(8) or (9) if necessary, we may suppose that one band

attaches to a spoke and the other bands attach to tires. Then using Lemma 3.2(3) we slide
the two bands attaching to the tires or a tire along the cycle of the tires in mutually opposite
directions to the two tires adjacent to the spoke and then we eliminate it by Lemma 3.2(1)
or (2).

Step 4. Erase each Borromean chord whose associated edges are two different spokes
and one tire that is not the form of (c). Namely the two spokes are mutually multiple edges.

Using Lemma 3.2(3) we slide the band attaching to a tire along the cycle of the tires
until it comes to a tire incident to the two spokes and then we eliminate it by Lemma 3.2(1)
or (2).
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Step 5. Erase each Borromean chord whose associated edges are spokes only that is not
the form of (b).

Suppose that the associated edges areei,j andek,l with i �= k. Suppose that two bands are
attaching toei,j . Then we apply Lemma 3.2(3) at the vertexvi . Suppose that the associated
edges are three different spokes then we eliminate the Borromean chord by Lemma 3.2(1)
or (2).

Thus we have thatf is a band sum of Borromean rings andu such that each Borromean
chordR satisfies one of (a), (b) and (c). Then using Lemma 3.2(3) and Lemma 3.2(1) or (2)
we further deform each Borromean chord satisfying (c) to a Borromean chordR satisfying
the following condition:

(d) ε(R) = {dj , ej,k, el,m} for somej, k, l,m with j �= l.
Next we deformg up to clasp-pass equivalence to a similar form. Namely we have that

g is a band sum of Borromean rings andu such that each Borromean chordR satisfies one
of (a), (b) and (d).

Then by Lemma 2.5 we perform possible cancellations of the pairs of the Borromean
chords of different parity of the total number of half-twists of bands for each off andg.
Now we are ready to comparef andg.

Note that the Borromean chords satisfying (b) or (d) do not affect the knot type of the
cycleG − {v}. Therefore by the conditiona2(f (G − {v})) = a2(g(G − {v})) we have that
the number of the Borromean chords off satisfying (a) is equal to that ofg. Thus they are
transformed into each other by clasp-pass moves. Next we consider the Borromean chords
satisfying (d) for eachj, k, l,m with j �= l. Note that there is just one cycle ofG containing
the edgesdj , ej,k andel,m. Note that the Borromean chords satisfying (b) do not affect the
knot type of this cycle. Therefore we have that the number of the Borromean chords off

satisfying (d) forj, k, l,m with j �= l is equal to that ofg. Thus they are also transformed
into each other by clasp-pass moves. Finally we consider the 2-cycle of the edgesei,j and
ei,k . Using Lemma 2.5 we have that the Borromean rings attaching toei,j andei,k of f

andg are transformed into each other by clasp-pass moves. Thus we have thatf andg are
clasp-pass equivalent.

Case 3. The reduced graph ofG is homeomorphic to a subgraph of a double trident.
We will show the case thatG itself is a double trident. Other cases are essentially the

same and we omit them. We name the edges ofG as illustrated in Fig. 27.
We consider the indices of the edges modulo 3. Namely we consider thate3+1 = e1,

d3+2 = d2, e3+1,i = e1,i etc. We will deformf up to clasp-pass equivalence to a band sum
of Borromean rings andu such that each Borromean chordR satisfies one of the following
conditions:

(a) ε(R) = {e1,i, e2,j , e3,k} for somei, j, k,
(b) ε(R) = {ei,j , ei+1,k, ei+2} for somei, j, k,
(c) ε(R) = {ei,j , ei+1,k, di} for somei, j, k,
(d) ε(R) = {ei,j , ei,k} for somei, j, k with j �= k,
(e) ε(R) = {ei,j , ei, ei+1} for somei, j ,
(f) ε(R) = {ei,j , di, di+1} for somei, j ,
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Fig. 27.

(g) ε(R) = {ei,j , ei, di+1} for somei, j ,
(h) ε(R) = {ei,j , di, ei+1} for somei, j ,
(i) ε(R) = {ei, di+2} for somei.
For this purpose we will deformf step by step as in case 2 without disturbing the

previous steps.
Step 1. Erase each Borromean chordR with ε(R) = {e} for some edgee of G.
Step 2. Erase each Borromean chordR with ε(R) = {ei, di+1, di+2} or {di, ei+1, ei+2}

for somei.
Step 3. Erase each Borromean chordR with ε(R) = {ei, ei+1, di}, {ei, ei+1, di+1},

{di, di+1, ei} or {di, di+1, ei+1} for somei.
Step 4. Erase each Borromean chordR with ε(R) = {ei, di} for somei.
Step 5. Erase each Borromean chordR with ε(R) = {ei, di+1} for somei.
Step 6. Erase each Borromean chordR with ε(R) = {ei, ei+1} or {di, di+1} for some

i, j .
Step 7. Erase each Borromean chordR with ε(R) = {ei, di, ei+1,j } for somei, j .
Step 8. Erase each Borromean chordR with ε(R) = {ei, di+1, ei+1,j }, {ei, di+2, ei+1,j },

{di, ei+1, ei+1,j } or {di, ei+2, ei+1,j } for somei, j .
Step 9. Erase each Borromean chordR with ε(R) = {ei, ei+1, ei+1,j }, {ei, ei+1, ei+2,j },

{di, di+1, ei+1,j } or {di, di+1, ei+2,j } for somei, j .
Step 10. Erase each Borromean chordR with ε(R) = {ei, ei+1,j , ei+1,k} or {di, ei+1,j ,

ei+1,k} for somei, j, k with j �= k.
Step 11. Erase each Borromean chordR with ε(R) = {ei, ei+1,j } or {di, ei+1,j } for some

i, j .
Step 12. Erase each Borromean chordR with ε(R) = {ei, ei,j }, {ei, ei+2,j }, {di, ei,j } or

{di, ei+2,j } for somei, j .
Step 13. Erase each Borromean chordR with ε(R) = {ei,j , ei+1,k} for somei, j, k.
Step 14. Erase each Borromean chordR with ε(R) = {ei,j , ei+1,k, ei} or {ei,j , ei+1,k,

di+2} for somei, j, k.
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We note that each step above is done by applications of Lemmas 2.5 and 3.2. We omit the
details. Then we erase each Borromean chord whose associated edges are three different
edges incident to a common vertex by Lemma 3.2(1) or (2).

Next we deformg to a similar form. Now we are ready to comparef andg. First we
consider the knot types of the 4-cycle with the edgesei, ei+1, di+1, di . Only the Borromean
chords satisfying the condition (i) affect on the knot type of this cycle. Therefore we can
control the Borromean chords satisfying (i). Then by considering appropriate cycles we
can control other Borromean chords and we have the result. We omit the details.✷
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