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Abstract
In [2], Kinoshita showed that for any collection of s(s — 1)/2 knot types in
R3, there exists a ,-curve in R® whose constituent knots correspond to the given
s(s—1)/2 knot types. In this paper, we define a higher dimensional é,-curve, and
prove that for any collection of s(s — 1)/2 ribbon n-knot types, there exists an
n-dimensional 8,-curve in R**? whose constituent knots correspond to the given
s(s — 1)/2 ribbon n-knot types.

§1. Definitions and Notation

Throughout this paper we work in the piecewise linear category, and we will
use the following notation and symbols:

R: the set of real numbers.

R = {(z1,...,Za) | i € R}: the Euclidean space.

I={z € R|0< z<1}: the closed unit interval.

D" = {{z1,...,2,) € R*| 2} +- -+ 22 <1}

»={(z1,...,2s) € R*|2? + - -+ 2% < t}.

An n-knot K™ means a locally flat n-sphere in R"*+2. An n-knot is unknotted

if it bounds an (n 4 1)-disk in R**2. Two knots K{ and K7 are said to be of

the same knot type, if there exists an ambient isotopy {f:}:er of R**2 such that
fH(K]) = K3

DerINiTION 1.1, (ribbon n-knot, ¢f. Yanagawa [4]) Let Byt',Brti,...,
B+ be mutually disjoint (n+1)-disks in R*? and 8B}+! = S fori =0,1,...,
r. Let B;: (D™ x I) - R™? (j = 1...,7) be embeddings with the properties:

1. B;(D™xI)N(SFUSFU...USH)=G;(D™ x 8I),
2. (D™ x I)NByp(D™ x I) =0 if j # 5, and
3. (Uizo ST U (Uj=; B;(D™ x I)) is connected.

Then (Ul-o SP — Uj=, 8;(D™ x 81)) U (U=, B;(8D" x I)) is an n-knot in Rnt?
and denoted by F(S%,S57,...,5¢|B1,...,B+). An n-knot K™ is called a ribbon
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n-knot if K® and F(S7,SP,...,5"|b1,...,B:) are of the same knot type for
some S7,Sp,...,S¢ and fB,...,0,.

ReEMARK. We can deform each band 8;(D™ x I) in Definition 1.1 by an
ambient isotopy of R™t? so that

B;(D™ x {0}) if i=j—1,
Bi(D™* x )N ST =< B;(D"x {1}) if i=j, and
] otherwise.

Thus throughout this paper we assume that each band of a ribbon n-knot satisfies
this condition. We refer to the reader [1].

DerFINITION 1.2. (n-dimensional f,-curve) We call an n-complex ©F an
n-dimensional 8,-curve if ©7 is the union of n-disks B7,..., B} with common
boundaries and mutually disjoint interiors. If @7 is embedded in R™t? then we
call the s(s — 1)/2 n-spheres B} U B} (1 < i < j < s) the constituent knots
of ©F.

§2. Main Theorem

The following is the main theorem in this paper.

THEOREM 2.1. For any collection of s(s —1)/2 ribbon n-knots K[(1 <i <
7 < 8) there ezists an n-dimensional 8,-curve ©*(= B} U...UB?) in R**? such
that Bl U B} and K; are of the same knot type forl<i<j<s.

In order to prove Theorem 2.1, we show the following lemma.

Lemma 2.2. For any ribbon n-knot K™ in R™t?, there ezists an n-dimen-
sional 8,-curve O?(= B} U---U B?) in R™*? such that B} U B} and K™ are of
the same knot type and the other constituent knots of © are unknotted in R"+2.

Proor. Let K™ = F(S?,S?,...,5%|f1,...,B:). By Remark each 3;(D™ x
I) attaches ST_; and S} for j = 1,...,r, and there exist embeddings &; : D™! —
R™? (i = 0,1,...,r) such that o;(8D"*!) = SP and o;(D™*!) N ap (D™
= @ for i # i’. Without loss of generality, we may assume that every intersection
a;(D™*1) N G;(D™ x I) is the union of n-disks. We may further suppose

1. a;(Int D"*') N B;(D™ x I) C ay(Int DTE!) if i < j, and

2. ai(Int D™+ N B;(D™ x I) C ay(D™+ — DIAY) if 4 2 §, see Figure 1.
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Fig. 1

For each S? (i = 0,1,...,r), let h; : SP x I — a(D™*! — Int D}}!) be a
homeomorphism such that A;(S? x {1}) = SP. For each j(= 1,...,r), let 8} :
D" x I — R**! be an embedding with its image B}(D" x I) = hj_1(8;(Dy); X
{0}) x I) U B;(D7)3 x I)U h;(B;(D7yy x {1}) X I), see Figure 2. We may assume
hi-1(8;(DF x {0) x Int 1) 0 Uiy Ae(D™ x T)) = 0 and hs(8;(D5, x {1}) x
IntI)N (U, B(D* xI)) =8 (j =1,...,7).

i1 EH
;18D (8D
Ai(D" x 1)
SRR,
b1 (B;(D},x {0})x I) Zh;(ﬂj(Di‘/z x {1}) x I)
Fig. 2

Let B} be an n-disk in S with BP N8y (D" x {0}) = 8, B} = CI(K™ — B?), and
B} = (Foo(®@D341), aa(8D), (D) | B ..., B1) — ho(BF x {0})U
ho(8B7 x I), see Figure 3.
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Fig. 3

Cram. The n-knots B} U B} and B} U B} are unknotted in R*12,

Proor of CLamM. By using the Cellular Move Lemma (see 4.15, p.- 55 in [3]),
we obtain the following:

Bf U B & Flao(dD4'), 1 (DT}, ., an(@D] ) (B, - -, B4
/ / /
& Flao(0D}H1), a1 (8D, -, et (8D 1 B, 1By

~ Flao(0D7H), a1 (8D, -+, ap—2(8DT 1) | 81, - - 1 Brs)

= Fao(0D}PHY), a1 (8D 81)

é ao(aD?/tl),

where “~” means an ambient isotopy of R"*2. Since ao(aD{‘/?) is unknotted,

B} U BY is unknotted.
By using the Cellular Move LLemma, we obtain the following:
Bz UB3 = (F(Sg, 57,52 | B1y---,8r)
U F(ao(8D}4),01(ODFH) ., an(ODFAY) Bl -, 1)
— ho(BT x 8I))U hg(8B} x I)
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& (F(SP ..., 5% | B2y -, 0r)

U A1 (8D3),- - ex(8DFE) | B2y - - -, Br)

— h1(B1(Dyyp x {1}) x BI)) U hy(B1(8DY), x {1}) x I)
= (F(82,...,5%|Bsy...,0:)

U Faz(dD7H), -, ar(@D]4) | B3y -1 81

— ha(B2(DTyy x {1}) x BI)) U h2(B2(8D7), x {1}) x I)

& (S7 U n(8D]};) — ho(Br(DY/3 x {1}) x 8I))
U he(B-(8D7); x {1}) x I)
~ S,
Since S7 is unknotted, BF U Bf is unknotted. [J

Thus B} U By U B} is an n-dimensional §3-curve such that B' UBJ and B3 UBy
are unknotted in R**? and B} U Bf = K™. Taking n-disks By, Bs,...,B, such
that
1. K"NBP =8B} =8B} (i=4,5,...,8),and
2. BPUBT bounds an (n+1)-disk whose interior does not intersect K™ 3<
i<j<s),
we obtain Lemma 2.2. O
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O312)

8

Fig. 4

ProoF of TeEOREM 2.1. We consider s(s — 1)/2 ribbon n-knots K3(1 <
i < j < s). By Lemma 2 2, for each K7}, there exists an n- -dimensional 8,-
curve O, (= By;; U- y U B};; and K7 are of the

) such that BT

a(u) i(iy i(ii
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same knot type, and the other constituent knots are unknotted in R™2, Let
Te(k = 1,...,8(s — 1)/2 — 1) be homeomorphic to @3~! x I. Connecting the
n-dimensional 6,-curves ©7,.(1 < i <j < ) by Te(k = 1,... ,8(s —1)/2-1)
suitably, see Figure 4, we obtain Theorem 2.1. O
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