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Abstract

The Ci-equivalence is an equivalence relation generated;bynoves defined by Habiro. Habiro
showed that the set of-equivalence classes of the knots forms an abelian group under the
connected sum and it can be classified by the additive Vassiliev invariant of<iderl. We see that
the set ofCy-equivalence classes of the spatiaturves forms a group under the vertex connected
sum and that if the group is abelian, then it can be classified by the additive Vassiliev invariant of
order< k — 1. However the group is not necessarily abelian. In fact, we show that it is nonabelian for
k > 12. As an easy consequence, we have the s€}-@quivalence classes of-string links, which
forms a group under the composition, is nonabeliarkfprl2 andm > 2.
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1. Cx-movesand Vassiliev invariants of spatial #-curves

A tangleT is a disjoint union of properly embedded arcs in the unit 3-BallA local
moveis a pair of tanglegTy, 7>) with 371 = dT» such that for each componenbf Ty
there exists a componembf 7> with 9 = du. Two local movesT1, T2) and(Us, U2) are
equivalentif there is an orientation preserving self-homeomorphigmB3 — B3 such
thaty (7;) andU; are ambient isotopic i relative tod B2 for i = 1, 2. Herey (7;) and
U; areambient isotopic inB2 relative tod B3 if ¥ (T;) is deformed toU; by an ambient
isotopy of B3 that is pointwisely fixed or BS.
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Let (T1, T2) be a local mover; a component offy and# a component off> with
dty = 1. Let N1 and N> be regular neighbourhoods af andr, in (B® — T1) Ut and
(B3 — T») U 15 respectively such tha¥; N 9 B3 = No N 9 B3. Let« be a disjoint union of
properly embedded arcs B x [0, 1] as illustrated in Fig. 1.1. Lat; : B2 x [0, 1] — N; be
a homeomorphism with; (B2 x {0, 1}) = N; N 9 B3 for i = 1, 2. Suppose thaf () =
V2(da) andyr1 (o) andyo(a) are ambient isotopic il relative tod B3. Then we say that
alocal move((Ty — 1) U ¥r1(a), (T2 — t2) U Yr2()) is adoubleof (71, T2) with respect to
the components andz,.

A Ci1-moveis a local moveTy, T2) as illustrated in Fig. 1.2. A double of @.-move
is called aCy+1-move Note that, for each natural numberthere are only finitely many
Cr-moves up to equivalence. It is easy to see théfif 7») is aC,-move, then(T, T1) is
equivalent to a,-move (but possibly not equivalent to itself). The definitiontgfmove
follows that in [2], and is different from the one in [3]. However by an easy induction on
k it is shown that these two definitions are essentially same. In [B],-move is called a
simpleCy-move, and &x-move means parallel of a Cy-move. The definition of parallel
of a local move appears in Section 3.

Let G be a graph with labeled vertices and edges. £e6 — $° be an embedding of
G into the oriented three sphesé. The embedding is called aspatial graph

Let f1 and f> be spatial graphs. We say thgt is obtained from f; by a local
move (T1, T») if there is an orientation preserving embeddihgB® — $° such that
£i(G) N k(B3 = h(T;) fori = 1,2 and f1(G — h(B®)) = f2(G — h(B®)) together with
the labels of vertices and edges. Two spatial grafihand f> are Cr-equivalentf f is
obtained fromf1 by a finite sequence af;-moves and ambient isotopies. We note that
the relation is an equivalence relation on spatial graphs. For a spatial grdph[ /1«
denote theC,-equivalence class that contairis It is known thatCy-equivalence implies
Cr—1-equivalence [3,19].
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Let / be a positive integer anfly, ..., k; positive integers. Suppose that for each
P C {1,...,1}, an spatial graphfp in 2 is assigned. Suppose that there are mutually
disjoint, orientation preserving embeddirigs B3 — % (i =1, ..., 1) such that

(1) fp(G)—U'_y hi(B3) = fp(G) —J'_, hi(B3) together with the labels for any subset
PCl. .0

.....

f#(G) N hi(B3) otherwise.

Then we call the setfp | P C {1, ...,1}} asingular spatial graph of typéks, ..., k;).

The 6-curveis a graphg with two verticesvi, v2 and three edgesi, ez, e3 each of
which joinsvy andvs. WhenG = 0, a spatial graph and singular spatial graph are called
spatial0-curveandsingular spatialo-curverespectively. A spatiad-curve istrivial if its
image is contained in a 2-sphereSA. In the remainder of this section, we consider only
the case that a graph is thecurve.

Let I" be the set of all spatiad-curve types ins® and ZI" the free abelian group
generated byl". For a singular spatiab-curve f = {fp | P C {1,...,1}} of type
(k1, ..., k;), we define an element( f) of ZI" by

k(H= Y DFfp.

Let V(k1, ..., k;) be the subgroup oZI" generated by alt (f) where f varies over all
singular spatiab-curves of typdks, .. ., k).

For two spatiab-curves f1 and f», remove small balls centered #t(v2) and f>(v1)
from $3, then identify the boundaries so that the imagegioedge are joined for each
Then we obtain a new spati@lcurve. We call this embedding tlvertex connected suaf
f1 and f2, and denote by #f>. The vertex connected sum is well-defined up to ambient
isotopy [21]. Let f1#f> be the vertex connected sum of two spafiaturves f1 and f>.
Then fi#f> — f1 — f2 € ZI is called acomposite relatarLet Ry be the subgroup diI"
generated by all composite relators.

Let¢: " — ZI" be the natural inclusion map. Let:ZI' — ZI"'/V(ka,..., k) and
AZL [ V(k1, ... k) = ZI'/(V(k1, ..., ki) + Ry) be the quotient homomorphisms. Then
the composite mapsot: I — ZI'/V(k1, ..., k) andiomot: ' — ZI'/(V(k1, ..., k) +
Ry) are called thainiversal Vassiliev invariant of typgs, .. ., k;) anduniversal additive
Vassiliev invariant of typeks, ..., k;) respectively. We denote them hyy, . ) and
Wy, k) fespectively. In the case of knots, these are same invariants as defined by
K. Taniyama and the author [20]. Similarly, we can also defit{&s, ..., ;) and the
universal Vassiliev invarianiy, .. x,) for the embeddings of any graph. Sinc€ amove
is a crossing change we see that a singular spatial graph of type

l....D
——
1

is essentially the same as a singular spatial graph Métiossing vertices in the sense of
Stanford [15]. Therefore we see thaj, . 1) is the universal Vassiliev invariant of order

.....
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<! —1.Notethat,  1)(f1) = v, 1(f2) ifand only ifv(f1) = v(f2) for any Vassiliev
invariantv of order</ — 1. In the case of linksy(2, 7 is the same as that defined in
[8,16]. In [19] Taniyama and the author defined finite type invariants of qider) for the
embeddings of a graph, which are essentially same as

Ym—-1,....,n—1-
—_—
k1

By the arguments similar to that in proofs of Theorems 1.1 and 1.2 in [20] and that in
proof of Theorem 1.4 in [20], we have the following two theorems.

Theorem 1.1. Letky, ..., k; be positive integers and= k1 + - - - + k;. Then the followings
hold.

Q) V) c V(ka,....k) cv(@d,...,1.
N ——
k
(2) V(ka, ..., k) +Ru=V(k)+ Ra.
Remark. Theorem 1.1(1) holds for the spatial embeddings of any graph.

Theorem 1.2. The Cx-equivalence classes of the spatiaturves forms a group with the
unit element fplx under the vertex connected sum, whegjyes a trivial 6-curve.

We denote byGy this group. Lety:Gy — ZI'/V(k) be a map induced by the
inclusion.: I — ZI'. By Theorem 1.2y is a well-defined, epimorphism. (In faap,
is an isomorphism, see the remark after Corollary 1.4.) Sind&«, Gr]) = Ry, by
Theorem 1.1(2), we have the following theorem.

Theorem 1.3. Letks, ..., k; be positive integers and= k1 + - - - + k;. ThenG /[Gk, G|
isisomorphic taZI'/(V(ka, ..., ki) + Rau).

Let f1 and f» be spatialf-curves andk = k1 + --- + k. If f1 and f> are Ci-
equivalent, then by Theorem 1.1(}, — f2 € V(k) C V(k1, ..., k). Therefore we have
Viky,...k) (f1) = Vky,. k) (f2). On the other hand, by, i) (f1) = vy, ...k)(f2), then
Wk, .. k) (1) = Wiy, k) (f2). Hence we havefy — fo € V(ky, ..., k) + Ry If Gy is
abelian group, i.e[Gg, Gi] = {id}, then by Theorem 1.3} and f> areCi-equivalent. So
we have the following corollary.

Corollary 1.4. Letky, ...,k be positive integers ankl= k1 + --- + k;. Let f1 and f>
be spatialb-curves. IfGy is an abelian group, then the following conditions are mutually
equivalent.

(1) f1 and f> are Cr-equivalent,
(2) kg, d) (f1) = V(ty, ... k) (f2),
B) Wiky.... k) (f1) = Wiky.... k) (f2)-
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Remark. Let f1 and f> be spatial graphs (not necessaéitgurve). If f1 — f> € V(k), then
there are singular spatial graphfé’s of type (k) and integers;;’s such thatf; — fo» =

Y xik(f). By induction on_ |x;|, we see thatf; and f, are Ci-equivalent. Since
f1— f2eV(k)if f1 and f, areCi-equivalent, we have the following: Two spatial graphs
f1 and f> areCi-equivalent if and only i) (f1) = v (f2).

Theorem 1.5. Let fp be a trivial spatialé-curve. Then the followings hold.

(1) Foreachf €[ folk, [flk+2 belongs to the center @f .
(2) If 21 > k > 1, then the seH,ﬁ ={[fl|f € [fol:} is an abelian subgroup af.

By [18] and [9], we havd fol1 = [ fol2 = I". Hence, by Theorem 1.5(251} =Gylis
abelian. By Corollary 1.4, we have

Corollary 1.6. Letks, ..., k; (I < 4) be positive integers and=k1 +---+ k; < 4. Let f1
and f> be spatialb-curves. Then the following conditions are mutually equivalent.

(1) f1 and f> are Cr-equivalent,
(2) Vky,o d) (f1) = V(ty, ...k (f2),
(B) Wiky,...k) (f1) = Wiky,... 1) (f2)-

Remark. As a special case of Corollary 1.6, we see thakfer 4 two spatiab-curves are
Ci-equivalent if and only if the universal (additive) Vassiliev invariant of ordet — 1

are equal. Meanwhile, a basis for the space of Vassiliev invariants of ardds known
[5,7].

Theorem 1.7. Let fp be a trivial spatial6-curve, and letf; and f> be in[ folx. Then f;
and f> are Cy-equivalent if and only ib 1) (f1) = vk (f2).

As we saw beforeGy, is abelian fork < 4. HoweverGy, is not necessarily abelian. In
fact, we have the following theorem.

Theorem 1.8. The groupGy is nonabelian for ang > 12.

Remarks. (1) If Gy, is abelian, then so i6 for anyk’(< k).
(2) In the proof of Theorem 1.8, we see that there are two spgatiarvesg and/s such
thatg — h isin R and is not in

va,...,1) fork>12
N e’
k

Hence vy, .. x)(8) # V... k) (h) fOr k1 + --- + k; > 12 by Theorem 1.1(1), while
Wiky... k) (&) = Wiy, .k (h) fOr any k1, ..., k. In contrast, for any knotk and K’,
U(kl,...,k,)(K) = V(ky,..., k[)(K/) if and onIy if w(kl’,_”k,)(K) = w(kl,...,k,)(K/) [20].

(3) Habiro showed the set d@f;-equivalence classe$ (m) of m-string links forms
a group under the composition [3]. By considering the complement of a regular
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neighbourhood of an edge of a spatiaturve, we have that there is a surjection from the
2-string links to the spatiad-curves. Since the surjection induces an epimorphism from
Sx(2) to Gy and since there is an epimorphism fray(m) (m > 2) to Sx(2), Sx(m) is
nonabelian for any: > 2 andk > 12.

The following is still open.

Problem. Find the minimum numbet (5 < k < 12) such thaiGy, is nonabelian.

2. Band description of spatial graphs

A C1-link modelis a pair(a, 8) whereq is a disjoint union of properly embedded arcs
in B3 andg is a disjoint union of arcs 0fB3 with 9o = 88 as illustrated in Fig. 2.1. Sup-
pose that aCx-link model («, B) is defined wherer is a disjoint union ofk + 1 properly
embedded arcs i3 andg is a disjoint union ok + 1 arcs ord B3 with do = 88 such that
a U B is a disjoint union ofk + 1 circles. Lety be a componentaf U 8 andW a regular
neighbourhood of in (B3 — (¢ UB))Uy. LetV be an oriented solid torug) a disk indV,
ap properly embedded arcs Ihandgg arcs onD as illustrated in Fig. 2.2. Let : V — W
be an orientation preserving homeomorphism suchyti@) = W N9 B2 andy (a0 U Bo)
bounds disjoint disks iB3. Then we call the pait(« — y) U ¥ (xo), (B — ¥) U ¥ (Bo))

a Cr+1-link model.A link modelis a Cy-link model for somek. It is known that, for a
Ci-link model (a, B), the local movee, ) is equivalent to aCx-move [20], where3 is a
slight push in ofg.

Let f1 be a spatiab-curve, and letay, 1), ..., (a7, A;) be link models. Lety; : B3 —
$3 (i =1,...,1) be mutually disjoint, orientation preserving embeddings, and let
b11,b12,...,b1,51),b21,b22,...,b252),....b1,1,b12,....b; p) be mutually disjoint
disks embedded i§2. Suppose that they satisfy the following conditions;

(1) v;(B® N f1(9) = @ for eachi,
(2) bix N f1(0) =3b;x N (f1(0) — f(v1Uvp)) is an arc for each %,

Fig. 2.1.
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(3) bix N (Ulj:l ¥ (B3) = db; x N ¥:(B3) is a component ofy; (8;) for eachi, k,
@) (UPY) biso) N i (B®) = v (B) for eachi.

Let f» be a spatiab-curve defined by
I
ﬁww=ﬁ@U(Lthu<mem)—UmWMkmﬁ@)
i,k i=1 i,k

I
—Jwidintgo),
i=1
where the labels of>(6) coincides that off1(0) on f1(6) — Ui,k bi x. When(w;, Bi) is a
Ci-link model, we calky; (B3) a C-link ball. We setB; = ((ai, Bi), i, {bi1s - -, bi p(iy})
and callB; aCx-chordwhen(q;, ;) is aCi-link model. We denote? by 2 (f1; {B1, ...,
B;}) and call it aband descriptiorof f2. We also sayf? is aband sumof f; and link

models(aa, B1), . .., (ar, Br)-
By the arguments similar to that in proof of Lemma 3.6 [20], we have

Lemma 2.1. Two spatiald-curves f; and f> are Cy-equivalence if and only if there are
spatial 0-curves f; and f, such thatf; is ambient isotopic tof; (i =1,2) and f; is a
band sum mjfl’ and some&”;-link models.

In the following lemma, the former assertion follows directly from Lemma 3.9 in [20]
and the latter can be shown by the similar arguments as in proof of Lemma 3.9 in [20].

Lemma 2.2. A local move as illustrated in Fi.3 (respectively Fig2.4) is realized by a
Cjyk-move(respectivelyCj 4 ,+1-move.

Ci-link ball

G-link ball

Fig. 2.3.

Gj-link ball Cr-link ball

Z4

Fig. 2.4.
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Proof of Theorem 1.5. (1) Suppose € [ folk, then by Lemma 2.1, we may assume tfiat

is a band sum ofp and some&”,-link models. Letg be a spatiad-curve. Sincd™ = [ fol2,

we may supposg is a band sum ofp and someC>-link models. It is not hard to see that

f#g andg#f are transposed each other by the moves as in Figs. 2.3 and 2.4, where we
consider the casg= 2, and ambient isotopies. Thus by Lemma 2.2 we héfgis Ci2-
equivalenttag#f. Hence we havef lkr2lglk+2 = [f#glk+2 = [¢#f lk+2 = [glk+2l flie+2-

(2) Suppose that bothf1];x and[ f2]x belong toH,ﬁ. Then we note thatf1lx[ f2lx =
[fi#f2l € H!. If [f]x belongs toH/, then by Lemma 2.1, we may assume that
f=2fo;{B1,...,B,}) and fo = Q2(f; {B}, ..., B,,}) for someC;-chordsBy, ..., B,,
Bi.....B,,. By using Sublemma 3.5 in [20] repeatedly, there @rechordsBy, ..., B,
such thatfp is ambientisotopic t&2 (fo: {B1, ..., B.By, ..., B),}). By Lemma 2.2, we can
deform £ (fo; {B1,..., B.By,.... By}) into 2(fo: {Bu, ..., B.H#2 (fo; {BY,.... B}
by Cz-moves and ambient isotopies, i.efp and f#2(fo; {BY,..., B} are Cy-
equivalent. SincelZ> k, fo and f#£2(fo: {B7. ..., B,,}) areCy-equivalent. This implies
that [2(fo; (B, ..., BLDIk = [f1;* € H]. ThereforeH] is a subgroup ofGy. By the
arguments similar to that in (1), we see tlﬂﬁtis abelian. O

Let v be an invariant of the embeddings of a graph that takes values in an abelian
group. We calb aVassiliev invariant of typéks, . .., k;) if, for any singular spatial graph
{fp | PC{l,....1}} of type(ka, ..., ki),

Y. oluse) =o0.

Pc{1,..1}

Proof of Theorem 1.7. The ‘only if’ part follows from Theorem 1.1(1). We shall show
‘if’ part. Let ¢ : I" — Hé‘k be a map defined as follows:

_[[flx if felfolk,
o(f)= {0 otherwise.
Clearly, ¢ is an invariant. Now we will show that is a Vassiliev invariant of typék, k).
Let{hp | P C {1, 2}} be a singular spati@l-curve of typek, k). Since{hp | P C {1,2}} C
[hglk, we havep(hp) = O if [hglk # [ folk- SO we may suppose thatylx = [ folx. Then
we have

> )Plothp) = Thpla — haylae — [hi)a + D2yl
PC{L2)

Sincelhgly = [folk, by Lemma 2.1, we may assume thigt= 2 ( fo; {B1, ..., B,}) for
someCk-chordsBy, . .., B,. By Sublemma 3.1 in [20] (or Lemma 3.7 in the next section),
there areCi-chordsB], B, such that2 (hg; | ;. p{B}}) is ambient isotopic td p. By the
arguments similar to that in the proof of Sublemma 3.5 in [20], we see that the€g are
chordsB/, B, such that2(fo; {B1. ..., B:} U (U;cp{B/})) is ambient isotopic tdip.
SinceBy, ..., By, B], B, areCi-chords, by Lemma 2.2, we have

[2(fo: {B1..... B} U{B]. B3})],,
=[2(fo; (B, ..., Ba})#2 ( fo; {B))#82(fo; {B3})] .
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and

[2(fo: {B1..... B} U{B})],
= [2(fo: {Bu. ... B)#R2(fo: {B})],, (=12.

Hence we have

> )Plothp) = [fala — [fa#2(fo: (B1) ]y, — [f#92 (fo: 1B5))]

Pc{L2}
+ [fo#$2 (fo; (B1N)#S2 (fos {B3)) ]
= Oe Hj,.

Thereforey is a Vassiliev invariant of typék, k). This and the assumptiony x)(f1) =
Vik.k) (f2) IMply o (f1) = ¢(f2). By the definition ofp, we havel fila = [f2lx. O

3. Disk/band surfaces and Vassiliev invariants of spatial graphs

A graphG is trivalent if the valence of any vertex off is equal to 3. A graplG is
planar if there exists an embeddiny: G — R2. A connected, planar grapfi is said to
be primeif, for any embeddingfy : G — R?, there exist no simple closed curvesn R?
satisfying either the following (1) or (2) (cf. [17,6]), where B are the two components
of R — C.

(1) C meetsfp(G) in a single point such that both N fo(G) and B N fo(G) are non-
empty.

(2) C meetsfp(G) in two points such that both N fo(G), BN fo(G) are neither empty
nor single open arcs.

For any connected, planar graph we fix a planar embedding : G — R? arbitrarily.
The imagefo(G) has complementary domaii¥, Dy, ..., D, that are bounded and one
unboundedDg. The preimage; = fo‘l(aDi) is a 1-complex which can be viewed as a
1-cycle inH1(G; Z). We callc; (i # 0), co respectively doundary cycleand theoutermost
cyclein G with respect tofp.

For a spatial embedding: G — S of a graphG, adisk/band surface of f(G) is a
compact, orientable surface §¥ such thatf(G) is a deformation retract of contained
inintS [6].

In [13], Soma, Sugai and the author showed the following theorem.

Theorem 3.1[13, Theorem 1]Suppose that; is a connected, planar, prime and trivalent
graph, and fo: G — R? is an embedding. Then, for any embeddifgG — $3, there
exists the unique disk/band surfaef f(G) up to ambient isotopy of which the Seifert
pairings satisfying the following equation.
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(flc), flep)g
—Ik(f(ci). f(co) = Y K(f(ci). flew) ifi=jandciNco="7,

ciNcy=9P
=40 ifi;éjandc,-ﬂcj;é@,
0 if i = j andc¢; Nco # 9,
Ik(f(ci)a f(c])) if CiﬂCjzﬂ,

wherec;, cj, c, are boundary cycles ang is the outermost cycle with respect fg.

We call the disk/band surface above danonical disk/band surfader f. Note that
the Seifert linking form of the canonical disk/band surface depends only on the linking
numbers of pairs of disjoint cycles. [ is the 6-curve or the complete graph with 4
vertices, then the canonical disk/band surface is same afisk#band surface with zero
Seifert linking formthat is defined in [6]. By the proof of Theorem 1 in [13], we note
that the canonical disk/band surface is given as the image of an embedding of the regular
neighborhoodSo of fo(G) in R2. Thus by fixing orientation and label 6fSp, we have
an ordered, oriented link as the image of an embeddirgfef From now on, we always
assume that, for each graph d.Sp has fixed orientation and label.

Let (Ty, T2) be a local movess,..., 1, the components offy and 21, ..., 2,
the components offy with dr; = drp; (i = 1,...,n). Let Ny; and Ny; be regular
neighbourhoods ofy; andry; in B2 respectively such thavy; N 9B3 = No; NdB3 (i =
1,...,n)andNy NNy = Nai NNz, =0 (1 <i < j <n).Lete; (i =1,...,n) bedisjoint
union of properly embedddgarcs inB2 x [0, 1] as illustrated in Fig. 3.1. Let;; : B? x
[0, 1] — N;; be a homeomorphism witit;; (B? x {0,1})) = N;; NdB3for j =1,2, i =
1,...,n. Suppose that1; (da;) = ¥2; (0er;) andyry; (o) andyrp; («;) are ambient isotopic
in B3 relative tod B3. Then we say that a local move J!_; ¥ (a;), U'—; ¥2i () is a
parallel of (Ty, T2) with weight(l1, ..., 1,).

Proposition 3.2. Let G be a connected, planar, prime and trivalent graph. fetG — $3
(i =1,2) be embeddings anél the canonical disk/band surface fgf (i =1,2). If f1
and f> are C-equivalent, therd S1 andd S, are Ci-equivalent.

Let 71 andT>» be tangles. We say th@} is obtained froniry by a local moveUs, Uo) if
there is an orientation preserving embedding? — int B2 such thatS; N (B3) = h(U;)
fori = 1,2 andTy — h(B3) = T» — h(B3). Two tanglesl; andT» areCy-equivalenif 7>
is obtained fronTy by a finite sequence a@;-moves and ambient isotopies relativgs.

Lemma 3.3 (cf. [3, Claim on p. 26])Let (71, T2) be a parallel of aCy-move. Therl; and

T, are Cy-equivalent.
(léi\@: >

Fig. 3.1.
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Fig. 3.2.

Proof. Let (U1, Uz) be aCy-move,uis, ..., uik+1 anduos, ..., uzx+1 the components
of Uy and Uz respectively. Suppose thély, 72) is a parallel of(U1, Uz) with weight
(I1, ..., lk+1). We give a proof by induction oR x --- x lx41. Inthe case thaly x --- x
lx+1 = 1, it obviously holds. Suppode x --- x ly+1 > 2. We may supposh > 2. By
Lemma 2.1 in [20], we may assume that themove(U1, U?) is as illustrated in Fig. 3.2,
i.e., the arcs except far;; are contained in the shaded parlin(i =1, 2). Itis not hard to
see thafl is obtained froniry by /1 local moves that are parallels @1, Uz) with weight
(4,12, ...,lk+1). This completes the proof.O

Proof of Proposition 3.2. In the casé = 1, it clearly holds. We consider the case: 2.

It is sufficient to consider the case thatis obtained fromf; by a singleC,-move. Sup-
pose thatf, is obtained fromf;, by a Cx-move. Then there is an embeddihgB3 — 53
such that(z=1(f1(0)), h~1(f2(9))) is a Cx-move andf1(8) — h(B3) = f2(0) — h(B3)
together with the labels. We may suppose tttat'(351), »=1(3S>)) is a parallel of the
Cr-move(h~1(f1(9)), h~1(f2(0))) with weight(2, ..., 2). Then we have a new disk/band
surface S, for f» from Sy by the local move(h=1(3S1), h=1(3S2)). Since Cx-move
(n > 2) does not change the linking number, by Theorem 3.1, we fyave), fi(c;))s, =
(f2(c), fa(cj))s,, and since the local moveh~1(351), h~1(3S2)) does not change the
Seifertlinking form of a disk/band surface, we haye(c;), fi(cj))s, = (f2(ci), Ja(e))sy:
Sowe have f2(c;), fa(cj))s, = (f2(ci), fz(c,-))sé. By Theorem 3.1$, is ambient isotopic
to S5. ThusdsS; is obtained fromd Sy by a parallel of aC;-move. Lemma 3.3 completes
the proof. O

Let G be a connected, planar, prime and trivalent graph Bx@) the set of spatial
graph types. Let be an invariant of ordered, oriented links that takes values in an abelian
groupA. Then we define a map: I'(G) — A ass(f) = v(dS), whereS is the canonical
disk/band surface fof. By Theorem 3.1s is an invariant off. We calls the invariant
induced fronw.

Theorem 3.4. Let G be a connected, planar, prime and trivalent graph afidG) the
set of spatial graph types. Letbe a Vassiliev invariant of typé, ..., k;) for ordered,
oriented links. Then the invariant fdr (G) induced fronw is a Vassiliev invariant of type
(k1, ..., k).

In Theorem 3.4, the case of that a graph isa¢hmurve andk1 = - - - = k; = 1 is given by
Stanford [14].
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disk/band surfaces

Fig. 3.3.

By the arguments similar to that in the proof of Lemma 1.4 in [14], we have

Lemma 3.5. Let v be a Vassiliev invariant of typéai, .. ., k;) for ordered, oriented links
ands the invariantinduced from. Let{fp | P C {1,...,[}} be asingular spatial graph of
type(ks, ..., k). LetL p be the ordered, oriented link that is the boundary of the canonical
disk/band surface fofp (P C {1, ...,1}). Suppose there are mutually disjoint embeddings
hij:B3— §3(=1,....1, j=1,...,n;) such that

(1) Ly — U, hij(B®) = Lp — U,  hij(B®) together with orientations and labels of the
components for any subsBtc {1, ...,1},
2) (hi;l(L@), hi;l(L{l,___,l})) isaC,-move(i =1,....1, j=1,...,n;),and
La..nNhij(B% ifieP,

. 3 =< ‘7
(3) LpNhjj (B ) = { Ly N ]’lij(Bs) otherwise.

Then we have

Y EPls(re = Y (—DPluLp)=0.

Pc{1,..,1} PC{1,..,1}
The following lemma follows directly from the proof of Theorem 1 in [13].

Lemma 3.6. Let G be a connected, planar, prime and trivalent grapl; G — R? an
embedding, andp the regular neighborhood ofg(G) in R?. Let S be a disk/band surface
for an embedding such thatsS is the image of an embedding & that is an extension of
f. Then the canonical disk/band surface fpiis obtained fromS by a finite sequence of
the moves as illustrated in Fi§.3.

In the definition of band sum in Section 2, by replacif¢) with T7; (i =1, 2), we can
define thaff» is aband sunof 7y and link modelgas1, 81), ..., (o, B1). By the arguments
similar to that in proof of Lemma 3.6 [20], we have the following lemma.

Lemma 3.7. Two tanglesr; and 7> are Cy-equivalent if and only if there are tanglgy
andT, such that7/ is ambient isotopic td; (i =1, 2) relative 9 B3 and T, is a band sum
of ] and someC-link models.

Lemma 3.8. Let 71 andT» be tangles. If; is obtained fronT; by a parallel of aCi-move,
then there are tangle¥;, T, and mutually disjoint, orientation preserving embeddings
h; B3 —intB3 (i =1,...,n) such that
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(1) T]f is ambient isotopic td’; (j =1, 2) relative d B3,
(2) T{ = U; hi(B% = T; — U, h:(B%), and
(3) (7 X(T)), h71(Ty)) is aCr-move(i =1, ..., n).

Proof. By Lemma 3.3,T1 and T, areCi-equivalent. By Lemma 3.7, there are tanglgs
and7; such thatl’; is ambient isotopic td’; (j =1,2) relatived B3 and that7} is a band

sum of 7] and someCy-link models(az, B1). . ... (@, By). Since(w;, Bi) i=1....n)
areCr-moves, we have the conclusionc

Proof of Theorem 3.4. Since {fp | P C {1,...,1}} is a singular spatial graph of
type (k1, ..., k), by the definition, there are mutually disjoint, orientation preserving
embedding#; : B3 — $2 (i =1, ...,1) such that

(1) fa(G) — U, hi(B®) = fp(G) — |; hi(B®) together with the labels for any subset
PC{l.. I}

.....

f#(G) N h; (B3 otherwise.

Let Sy be the canonical disk/band surface f@5. By considering the intersections
Sy N hi(B3) (i =1,...,1), we find disk/band surface$y for fp (P C {1,...,1}) such
that

(1) Sy — U; hi(B3 = Sp — U, hi (B®),

.....

(R3Y if s
3) Sp ﬂh,’(B3) _ { S,...n N hi(B?) ifi e P,

Sy N hi (B3) otherwise.

By the proof of Proposition 3.2, if; > 2 for anyi € P, thenSp is the canonical disk/band
surface. Sek; =h;1 (i =1,...,1). By Lemma 3.6, there are mutually disjoint, orientation
preserving embeddings; : B3 — $3(i=1,...,1, j=1,...,n;), wheren; = 1if k; > 2,
and the canonical disk/band surfaggsfor fp such that

(1) Sy = Ui hij (B3 = Sp = Uy hij (B,
(2) (hl;l(aS(//))’ h;l(aSEl ’’’’’ l})) IS a para”el Otk’ -move(l = la ey la ,] = ly ey nl)v and
..... ) Nhij(B%) ifieP,

3 Sp Nhj(B%) =
(3) p N hij(B7) {S{,,ﬂh,-j(Bg) otherwise.

By combining this, Lemmas 3.8 and 3.5, we have the conclusion.
Let G be a connected, planar, prime and trivalent graph 80@) = {e1, ..., ¢,} the

set of edges of;. Let Sy be the canonical disk/band surface for a spatial embedgliofy
G,and letSg(x1,..., %55 ¥1, ..., yn) (xi € Z, y; € {—1,0,1}) be a surface obtained from
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Jle)

; full twists ) ify~-1

Sr(x1,...,Xn3 Y1,...,Yn)

Fig. 3.4.

S as illustrated in Fig. 3.4. We note théif (x1, ..., xs; y1,..., y») depends only oS
andtheintegersy, ..., x4, ¥1, ..., yp- Thismeansy(xa, ..., xz; ¥1, ..., yu) iS the unique
surface forf. Letv be an invariant of ordered, oriented links that takes values in an abelian
groupA. Then we can define an invariant

St Xniy1seenyn) - 1 (G) > A

as S(xy,.xp;yneyn) () = V@S (X1, .., X05 ¥1, -0, y0)). We call 5o, xyiyp,.y, the
invariant induced fromvy with respect tox, ..., x,, v1, ..., y». By the arguments similar
to that in the proofs of Proposition 3.2 and Theorem 3.4, we have the following theorem.

Theorem 3.9. Let G be a connected, planar, prime and trivalent graph alidG) =
{e1,..., ey} the set of edges @f. Then the followings hold.

(1) Let f1 and f> be spatial graphs and; (x1, ..., xu; ¥1, ..., y») the surface obtained
from the canonical disk/band surface fr(i =1, 2). If f1 and f2 are Cx-equivalent, then
081(x1, ..., Xn; V1, -+, Yp) @NA3AS2(x1, ..., Xn; V1, ..., Yn) are Cr-equivalent.

(2) Let v be a Vassiliev invariant of typéai, ..., k;) for ordered, oriented links. Then
the invariants ., .. x,:y,....y,) for spatial embeddings a¥ induced fromw is a Vassiliev
invariant of type(ks, . .., k7).

Proof of Theorem 1.8. Suppose thaty is abelian. Letf; and f> be spatiald-curves
as illustrated in Fig. 3.5. Sincgy, is abelian,g = fi#f1i#f> andh = fi#tfo#t f1 are C-
equivalent. Then, by Theorem 1.1(1),

g—hevd,... 1.
——
k

This means thag andi cannot be distinguished by any Vassiliev invariant of ordér— 1.
LetS,(1,1,-1;0,0,1) andS,(1, 1, -1; 0, 0, 1) be the surfaces obtained from the canon-
ical disk/band surfaces fqr and/ respectively. By deleting components corresponding
to a cyclees U ey from 0S,(1,1,-1;0,0,1) andadS, (1, 1, —1; 0,0, 1), we obtain pretzel
knotsK, = P(3,3, -3, -2) and K, = P(3, -3, 3, —2) respectively, see Fig. 3.6. Let

be a Vassiliev invariant for oriented link of orderk — 1. By combining Theorem 3.9(1)
and the fact that & -moves preserves Vassiliev invariants of order — 1 [3] (or simply

by Theorem 3.9(2)), we hawg9S, (1,1, -1;0,0,1)) = v(dSx(1, 1, —1; 0,0, 1)). Hence
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Solen)

@ BB

v(Kg) =v(Kp). Let Xf,f) (g, ¢%* be the quantum invariant of a knét corresponding to
the representation of the partitio?, 1) of the quantum enveloping algeldfa(sis). (Fuller

details aboutxf’) (g,¢%* can be seen in [12].) The computer software ‘K2K’ [4], whose
methods of the calculation is based on Murakami’s one [10], gives us

Xkg(q% %" = Xk, (4% 45"
Xo0(q% ¢%*
=’ 1+ MA+ M1+’ (1 - g+’ A+ g +4%)°
x (1+qY)°(1-®+aY)(1-g+a®—®+4* - ¢®+4°°
x (L+q+a>+a*+a* +a°+4%°(1+4°)
% (1_q2+q4_q6+q8_q10+412),

wheres is some integer and@ is a trivial knot. Since this is divisible byl — ¢)1! and is
not divisible by(1 — ¢)12, these pretzel knots can be distinguished by a Vassiliev invariant
of order< 11 [1]. Hence we havk < 12. This completes the proof.c
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Remark. Our arguments in the proof above for distinguishing two mutant kigtsind

K;, can be found in [11]. In which, Murakami showed that the Conway’s 11-crossing knot
and the Kinoshita—Terasaka knot can be distinguished by a Vassiliev invariant of order 11,
and that any Vassiliev invariant of ordgr10 cannot distinguish mutant pairs of knots.
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