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Abstract

TheCk-equivalence is an equivalence relation generated byCk-moves defined by Habiro. Habiro
showed that the set ofCk-equivalence classes of the knots forms an abelian group under the
connected sum and it can be classified by the additive Vassiliev invariant of order� k−1. We see that
the set ofCk-equivalence classes of the spatialθ-curves forms a group under the vertex connected
sum and that if the group is abelian, then it can be classified by the additive Vassiliev invariant of
order� k−1. However the group is not necessarily abelian. In fact, we show that it is nonabelian for
k � 12. As an easy consequence, we have the set ofCk-equivalence classes ofm-string links, which
forms a group under the composition, is nonabelian fork � 12 andm � 2.
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1. Ck-moves and Vassiliev invariants of spatial θ -curves

A tangleT is a disjoint union of properly embedded arcs in the unit 3-ballB3. A local
moveis a pair of tangles(T1, T2) with ∂T1 = ∂T2 such that for each componentt of T1
there exists a componentu of T2 with ∂t = ∂u. Two local moves(T1, T2) and(U1,U2) are
equivalentif there is an orientation preserving self-homeomorphismψ :B3 → B3 such
thatψ(Ti) andUi are ambient isotopic inB3 relative to∂B3 for i = 1,2. Hereψ(Ti) and
Ui areambient isotopic inB3 relative to∂B3 if ψ(Ti) is deformed toUi by an ambient
isotopy ofB3 that is pointwisely fixed on∂B3.
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Fig. 1.1.

Fig. 1.2.

Let (T1, T2) be a local move,t1 a component ofT1 and t2 a component ofT2 with
∂t1 = ∂t2. Let N1 andN2 be regular neighbourhoods oft1 and t2 in (B3 − T1) ∪ t1 and
(B3 − T2) ∪ t2 respectively such thatN1 ∩ ∂B3 = N2 ∩ ∂B3. Let α be a disjoint union of
properly embedded arcs inB2×[0,1] as illustrated in Fig. 1.1. Letψi :B2×[0,1] → Ni be
a homeomorphism withψi(B

2 × {0,1})= Ni ∩ ∂B3 for i = 1,2. Suppose thatψ1(∂α) =
ψ2(∂α) andψ1(α) andψ2(α) are ambient isotopic inB3 relative to∂B3. Then we say that
a local move((T1 − t1)∪ψ1(α), (T2 − t2)∪ψ2(α)) is adoubleof (T1, T2) with respect to
the componentst1 andt2.

A C1-moveis a local move(T1, T2) as illustrated in Fig. 1.2. A double of aCk-move
is called aCk+1-move. Note that, for each natural numberk, there are only finitely many
Ck-moves up to equivalence. It is easy to see that if(T1, T2) is aCn-move, then(T2, T1) is
equivalent to aCn-move (but possibly not equivalent to itself). The definition ofCk-move
follows that in [2], and is different from the one in [3]. However by an easy induction on
k it is shown that these two definitions are essentially same. In [3], aCk-move is called a
simpleCk-move, and aCk-move means aparallel of aCk-move. The definition of parallel
of a local move appears in Section 3.

Let G be a graph with labeled vertices and edges. Letf :G → S3 be an embedding of
G into the oriented three sphereS3. The embeddingf is called aspatial graph.

Let f1 and f2 be spatial graphs. We say thatf2 is obtained fromf1 by a local
move (T1, T2) if there is an orientation preserving embeddingh :B3 → S3 such that
fi(G) ∩ h(B3) = h(Ti) for i = 1,2 andf1(G − h(B3)) = f2(G − h(B3)) together with
the labels of vertices and edges. Two spatial graphsf1 andf2 areCk-equivalentif f2 is
obtained fromf1 by a finite sequence ofCk-moves and ambient isotopies. We note that
the relation is an equivalence relation on spatial graphs. For a spatial graphf , let [f ]k
denote theCk -equivalence class that containsf . It is known thatCk-equivalence implies
Ck−1-equivalence [3,19].
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Let l be a positive integer andk1, . . . , kl positive integers. Suppose that for each
P ⊂ {1, . . . , l}, an spatial graphfP in S3 is assigned. Suppose that there are mutually
disjoint, orientation preserving embeddingshi :B3 → S3 (i = 1, . . . , l) such that

(1) f∅(G)−⋃l
i=1hi(B

3) = fP (G)−⋃l
i=1hi(B

3) together with the labels for any subset
P ⊂ {1, . . . , l},

(2) (h−1
i (f∅(G)),h−1

i (f{1,...,l}(G))) is aCki -move(i = 1, . . . , l), and

(3) fP (G)∩ hi
(
B3)=

{
f{1,...,l}(G)∩ hi(B

3) if i ∈ P ,

f∅(G)∩ hi(B
3) otherwise.

Then we call the set{fP | P ⊂ {1, . . . , l}} a singular spatial graph of type(k1, . . . , kl).
The θ -curve is a graphθ with two verticesv1, v2 and three edgese1, e2, e3 each of

which joinsv1 andv2. WhenG = θ , a spatial graph and singular spatial graph are called
spatialθ -curveandsingular spatialθ -curverespectively. A spatialθ -curve istrivial if its
image is contained in a 2-sphere inS3. In the remainder of this section, we consider only
the case that a graph is theθ -curve.

Let Γ be the set of all spatialθ -curve types inS3 and ZΓ the free abelian group
generated byΓ . For a singular spatialθ -curve f = {fP | P ⊂ {1, . . . , l}} of type
(k1, . . . , kl), we define an elementκ(f ) of ZΓ by

κ(f ) =
∑

P⊂{1,...,l}
(−1)|P |fP .

Let V(k1, . . . , kl) be the subgroup ofZΓ generated by allκ(f ) wheref varies over all
singular spatialθ -curves of type(k1, . . . , kl).

For two spatialθ -curvesf1 andf2, remove small balls centered atf1(v2) andf2(v1)

from S3, then identify the boundaries so that the images ofith edge are joined for eachi.
Then we obtain a new spatialθ -curve. We call this embedding thevertex connected sumof
f1 andf2, and denote byf1#f2. The vertex connected sum is well-defined up to ambient
isotopy [21]. Letf1#f2 be the vertex connected sum of two spatialθ -curvesf1 andf2.
Thenf1#f2 − f1 − f2 ∈ ZΓ is called acomposite relator. LetR# be the subgroup ofZΓ
generated by all composite relators.

Let ι :Γ → ZΓ be the natural inclusion map. Letπ :ZΓ → ZΓ/V(k1, . . . , kl) and
λ :ZΓ/V(k1, . . . , kl) → ZΓ/(V(k1, . . . , kl) +R#) be the quotient homomorphisms. Then
the composite mapsπ ◦ ι :Γ → ZΓ/V(k1, . . . , kl) andλ◦π ◦ ι :Γ → ZΓ/(V(k1, . . . , kl)+
R#) are called theuniversal Vassiliev invariant of type(k1, . . . , kl) anduniversal additive
Vassiliev invariant of type(k1, . . . , kl) respectively. We denote them byv(k1,...,kl) and
w(k1,...,kl) respectively. In the case of knots, these are same invariants as defined by
K. Taniyama and the author [20]. Similarly, we can also defineV(k1, . . . , kl) and the
universal Vassiliev invariantv(k1,...,kl ) for the embeddings of any graph. Since aC1-move
is a crossing change we see that a singular spatial graph of type

(1, . . . ,1︸ ︷︷ ︸
l

)

is essentially the same as a singular spatial graph withl crossing vertices in the sense of
Stanford [15]. Therefore we see thatv(1,...,1) is the universal Vassiliev invariant of order
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� l−1. Note thatv(1,...,1)(f1) = v(1,...,1)(f2) if and only if v(f1) = v(f2) for any Vassiliev
invariantv of order� l − 1. In the case of links,v(2,...,2) is the same as that defined in
[8,16]. In [19] Taniyama and the author defined finite type invariants of order(k;n) for the
embeddings of a graph, which are essentially same as

v(n − 1, . . . , n− 1︸ ︷︷ ︸
k+1

).

By the arguments similar to that in proofs of Theorems 1.1 and 1.2 in [20] and that in
proof of Theorem 1.4 in [20], we have the following two theorems.

Theorem 1.1. Letk1, . . . , kl be positive integers andk = k1 +· · ·+ kl . Then the followings
hold.

(1) V(k) ⊂ V(k1, . . . , kl) ⊂ V(1, . . . ,1︸ ︷︷ ︸
k

).

(2) V(k1, . . . , kl)+R# = V(k)+R#.

Remark. Theorem 1.1(1) holds for the spatial embeddings of any graph.

Theorem 1.2. TheCk-equivalence classes of the spatialθ -curves forms a group with the
unit element[f0]k under the vertex connected sum, wheref0 is a trivial θ -curve.

We denote byGk this group. Letϕ :Gk → ZΓ/V(k) be a map induced by the
inclusion ι :Γ → ZΓ . By Theorem 1.2,ϕ is a well-defined, epimorphism. (In fact,ϕ
is an isomorphism, see the remark after Corollary 1.4.) Sinceϕ([Gk,Gk]) = R#, by
Theorem 1.1(2), we have the following theorem.

Theorem 1.3. Let k1, . . . , kl be positive integers andk = k1 + · · · + kl . ThenGk/[Gk,Gk]
is isomorphic toZΓ/(V(k1, . . . , kl)+R#).

Let f1 and f2 be spatialθ -curves andk = k1 + · · · + kl . If f1 and f2 are Ck-
equivalent, then by Theorem 1.1(1),f1 − f2 ∈ V(k) ⊂ V(k1, . . . , kl). Therefore we have
v(k1,...,kl )(f1) = v(k1,...,kl )(f2). On the other hand, ifv(k1,...,kl )(f1) = v(k1,...,kl )(f2), then
w(k1,...,kl)(f1) = w(k1,...,kl )(f2). Hence we havef1 − f2 ∈ V(k1, . . . , kl) + R#. If Gk is
abelian group, i.e.,[Gk,Gk] = {id}, then by Theorem 1.3,f1 andf2 areCk-equivalent. So
we have the following corollary.

Corollary 1.4. Let k1, . . . , kl be positive integers andk = k1 + · · · + kl . Let f1 and f2
be spatialθ -curves. IfGk is an abelian group, then the following conditions are mutually
equivalent.

(1) f1 andf2 areCk-equivalent,
(2) v(k1,...,kl )(f1) = v(k1,...,kl )(f2),
(3) w(k1,...,kl)(f1) = w(k1,...,kl )(f2).



A. Yasuhara / Topology and its Applications 128 (2003) 309–324 313

Remark. Let f1 andf2 be spatial graphs (not necessarilyθ -curve). Iff1 −f2 ∈ V(k), then
there are singular spatial graphsf i ’s of type (k) and integersxi ’s such thatf1 − f2 =∑

xiκ(f
i ). By induction on

∑ |xi|, we see thatf1 and f2 are Ck -equivalent. Since
f1 − f2 ∈ V(k) if f1 andf2 areCk-equivalent, we have the following: Two spatial graphs
f1 andf2 areCk-equivalent if and only ifv(k)(f1) = v(k)(f2).

Theorem 1.5. Letf0 be a trivial spatialθ -curve. Then the followings hold.

(1) For eachf ∈ [f0]k, [f ]k+2 belongs to the center ofGk+2.
(2) If 2l � k > l, then the setHl

k = {[f ]k|f ∈ [f0]l} is an abelian subgroup ofGk.

By [18] and [9], we have[f0]1 = [f0]2 = Γ . Hence, by Theorem 1.5(2),H 2
4 = G4 is

abelian. By Corollary 1.4, we have

Corollary 1.6. Let k1, . . . , kl (l � 4) be positive integers andk = k1 + · · · + kl � 4. Letf1
andf2 be spatialθ -curves. Then the following conditions are mutually equivalent.

(1) f1 andf2 areCk-equivalent,
(2) v(k1,...,kl )(f1) = v(k1,...,kl )(f2),
(3) w(k1,...,kl)(f1) = w(k1,...,kl )(f2).

Remark. As a special case of Corollary 1.6, we see that fork � 4 two spatialθ -curves are
Ck-equivalent if and only if the universal (additive) Vassiliev invariant of order� k − 1
are equal. Meanwhile, a basis for the space of Vassiliev invariants of order� 4 is known
[5,7].

Theorem 1.7. Let f0 be a trivial spatialθ -curve, and letf1 andf2 be in [f0]k. Thenf1
andf2 areC2k-equivalent if and only ifv(k,k)(f1) = v(k,k)(f2).

As we saw before,Gk is abelian fork � 4. HoweverGk is not necessarily abelian. In
fact, we have the following theorem.

Theorem 1.8. The groupGk is nonabelian for anyk � 12.

Remarks. (1) If Gk is abelian, then so isGk′ for anyk′(< k).
(2) In the proof of Theorem 1.8, we see that there are two spatialθ -curvesg andh such

thatg − h is in R# and is not in

V(1, . . . ,1︸ ︷︷ ︸
k

) for k � 12.

Hence v(k1,...,kl )(g) �= v(k1,...,kl )(h) for k1 + · · · + kl � 12 by Theorem 1.1(1), while
w(k1,...,kl)(g) = w(k1,...,kl )(h) for any k1, . . . , kl . In contrast, for any knotsK and K ′,
v(k1,...,kl )(K) = v(k1,...,kl)(K

′) if and only if w(k1,...,kl )(K) = w(k1,...,kl)(K
′) [20].

(3) Habiro showed the set ofCk-equivalence classesSk(m) of m-string links forms
a group under the composition [3]. By considering the complement of a regular
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neighbourhood of an edge of a spatialθ -curve, we have that there is a surjection from the
2-string links to the spatialθ -curves. Since the surjection induces an epimorphism from
Sk(2) to Gk and since there is an epimorphism fromSk(m) (m > 2) to Sk(2), Sk(m) is
nonabelian for anym � 2 andk � 12.

The following is still open.

Problem. Find the minimum numberk (5 � k � 12) such thatGk is nonabelian.

2. Band description of spatial graphs

A C1-link modelis a pair(α,β) whereα is a disjoint union of properly embedded arcs
in B3 andβ is a disjoint union of arcs on∂B3 with ∂α = ∂β as illustrated in Fig. 2.1. Sup-
pose that aCk-link model (α,β) is defined whereα is a disjoint union ofk + 1 properly
embedded arcs inB3 andβ is a disjoint union ofk+1 arcs on∂B3 with ∂α = ∂β such that
α ∪ β is a disjoint union ofk + 1 circles. Letγ be a component ofα ∪ β andW a regular
neighbourhoodofγ in (B3−(α∪β))∪γ . LetV be an oriented solid torus,D a disk in∂V ,
α0 properly embedded arcs inV andβ0 arcs onD as illustrated in Fig. 2.2. Letψ :V → W

be an orientation preserving homeomorphism such thatψ(D) = W ∩ ∂B3 andψ(α0 ∪β0)

bounds disjoint disks inB3. Then we call the pair((α − γ ) ∪ ψ(α0), (β − γ ) ∪ ψ(β0))

a Ck+1-link model.A link modelis aCk-link model for somek. It is known that, for a
Ck-link model(α,β), the local move(α, β̂) is equivalent to aCk-move [20], whereβ̂ is a
slight push in ofβ .

Let f1 be a spatialθ -curve, and let(α1, β1), . . . , (αl , βl) be link models. Letψi :B3 →
S3 (i = 1, . . . , l) be mutually disjoint, orientation preserving embeddings, and let
b1,1, b1,2, . . . , b1,ρ(1), b2,1, b2,2, . . . , b2,ρ(2), . . . , bl,1, bl,2, . . . , bl,ρ(l) be mutually disjoint
disks embedded inS3. Suppose that they satisfy the following conditions;

(1) ψi(B
3)∩ f1(θ) = ∅ for eachi,

(2) bi,k ∩ f1(θ) = ∂bi,k ∩ (f1(θ)− f (v1 ∪ v2)) is an arc for eachi, k,

Fig. 2.1. Fig. 2.2.
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(3) bi,k ∩ (
⋃l

j=1ψj (B
3)) = ∂bi,k ∩ψi(B

3) is a component ofψi(βi) for eachi, k,

(4) (
⋃ρ(i)

k=1bi,k)∩ψi(B
3) = ψi(βi) for eachi.

Let f2 be a spatialθ -curve defined by

f2(θ) = f1(θ)∪
(⋃

i,k

∂bi,k

)
∪
(

l⋃
i=1

ψi(αi)

)
−
⋃
i,k

int
(
∂bi,k ∩ f1(θ)

)

−
l⋃

i=1

ψi(intβi),

where the labels off2(θ) coincides that off1(θ) onf1(θ) −⋃
i,k bi,k . When(αi , βi) is a

Ck-link model, we callψi(B
3) aCk-link ball. We setBi = ((αi, βi),ψi, {bi,1, . . . , bi,ρ(i)})

and callBi aCk-chordwhen(αi, βi) is aCk-link model. We denotef2 by Ω(f1; {B1, . . . ,

Bl}) and call it aband descriptionof f2. We also sayf2 is a band sumof f1 and link
models(α1, β1), . . . , (αl, βl).

By the arguments similar to that in proof of Lemma 3.6 [20], we have

Lemma 2.1. Two spatialθ -curvesf1 andf2 are Ck-equivalence if and only if there are
spatial θ -curvesf ′

1 and f ′
2 such thatf ′

i is ambient isotopic tofi (i = 1,2) and f ′
2 is a

band sum off ′
1 and someCk-link models.

In the following lemma, the former assertion follows directly from Lemma 3.9 in [20]
and the latter can be shown by the similar arguments as in proof of Lemma 3.9 in [20].

Lemma 2.2. A local move as illustrated in Fig.2.3 (respectively Fig.2.4) is realized by a
Cj+k-move(respectivelyCj+k+1-move).

Fig. 2.3.

Fig. 2.4.
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Proof of Theorem 1.5. (1) Supposef ∈ [f0]k , then by Lemma 2.1, we may assume thatf

is a band sum off0 and someCk-link models. Letg be a spatialθ -curve. SinceΓ = [f0]2,
we may supposeg is a band sum off0 and someC2-link models. It is not hard to see that
f #g andg#f are transposed each other by the moves as in Figs. 2.3 and 2.4, where we
consider the casej = 2, and ambient isotopies. Thus by Lemma 2.2 we havef #g isCk+2-
equivalent tog#f . Hence we have[f ]k+2[g]k+2 = [f#g]k+2 = [g#f ]k+2 = [g]k+2[f ]k+2.

(2) Suppose that both[f1]k and [f2]k belong toHl
k. Then we note that[f1]k[f2]k =

[f1#f2]k ∈ Hl
k. If [f ]k belongs toHl

k , then by Lemma 2.1, we may assume that
f = Ω(f0; {B1, . . . ,Bn}) andf0 = Ω(f ; {B′

1, . . . ,B′
m}) for someCl -chordsB1, . . . ,Bn,

B′
1, . . . ,B′

m. By using Sublemma 3.5 in [20] repeatedly, there areCl -chordsB′′
1, . . . ,B′′

m

such thatf0 is ambient isotopic toΩ(f0; {B1, . . . ,BnB′′
1, . . . ,B′′

m}). By Lemma 2.2, we can
deform Ω(f0; {B1, . . . ,BnB′′

1, . . . ,B′′
m}) into Ω(f0; {B1, . . . ,Bn})#Ω(f0; {B′′

1, . . . ,B′′
m})

by C2l-moves and ambient isotopies, i.e.,f0 and f#Ω(f0; {B′′
1, . . . ,B′′

m}) are C2l-
equivalent. Since 2l � k, f0 andf #Ω(f0; {B′′

1, . . . ,B′′
m}) areCk-equivalent. This implies

that [Ω(f0; {B′′
1, . . . ,B′′

m})]k = [f ]−1
k ∈ Hl

k. ThereforeHl
k is a subgroup ofGk . By the

arguments similar to that in (1), we see thatHl
k is abelian. ✷

Let v be an invariant of the embeddings of a graph that takes values in an abelian
group. We callv a Vassiliev invariant of type(k1, . . . , kl) if, for any singular spatial graph
{fP | P ⊂ {1, . . . , l}} of type(k1, . . . , kl),∑

P⊂{1,...,l}
(−1)|P |v(fP ) = 0.

Proof of Theorem 1.7. The ‘only if’ part follows from Theorem 1.1(1). We shall show
‘if’ part. Let ϕ :Γ → Hk

2k be a map defined as follows:

ϕ(f ) =
{ [f ]2k if f ∈ [f0]k,

0 otherwise.

Clearly,ϕ is an invariant. Now we will show thatϕ is a Vassiliev invariant of type(k, k).
Let {hP | P ⊂ {1,2}} be a singular spatialθ -curve of type(k, k). Since{hP | P ⊂ {1,2}} ⊂
[h∅]k, we haveϕ(hP ) = 0 if [h∅]k �= [f0]k. So we may suppose that[h∅]k = [f0]k. Then
we have∑

P⊂{1,2}
(−1)|P |ϕ(hP ) = [h∅]2k − [h{1}]2k − [h{2}]2k + [h{1,2}]2k.

Since[h∅]k = [f0]k , by Lemma 2.1, we may assume thath∅ = Ω(f0; {B1, . . . ,Bn}) for
someCk-chordsB1, . . . ,Bn. By Sublemma 3.1 in [20] (or Lemma 3.7 in the next section),
there areCk-chordsB′

1,B′
2 such thatΩ(h∅;⋃i∈P {B′

i}) is ambient isotopic tohP . By the
arguments similar to that in the proof of Sublemma 3.5 in [20], we see that there areCk-
chordsB′′

1,B′′
2 such thatΩ(f0; {B1, . . . ,Bn} ∪ (

⋃
i∈P {B′′

i })) is ambient isotopic tohP .
SinceB1, . . . ,Bn,B′′

1,B′′
2 areCk -chords, by Lemma 2.2, we have[

Ω
(
f0; {B1, . . . ,Bn} ∪ {B′′

1,B′′
2})]2k

= [
Ω
(
f0; {B1, . . . ,Bn}

)
#Ω

(
f0; {B′′

1})#Ω(f0; {B′′
2})]2k,
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and

[
Ω
(
f0; {B1, . . . ,Bn} ∪ {B′′

i }
)]

2k

= [
Ω
(
f0; {B1, . . . ,Bn}

)
#Ω

(
f0; {B′′

i }
)]

2k (i = 1,2).

Hence we have∑
P⊂{1,2}

(−1)|P |ϕ(hP ) = [f∅]2k − [
f∅#Ω

(
f0; {B′′

1})]2k − [
f∅#Ω

(
f0; {B′′

2})]2k
+ [

f∅#Ω
(
f0; {B′′

1})#Ω(f0; {B′′
2})]2k

= 0∈ Hk
2k.

Thereforeϕ is a Vassiliev invariant of type(k, k). This and the assumptionv(k,k)(f1) =
v(k,k)(f2) imply ϕ(f1) = ϕ(f2). By the definition ofϕ, we have[f1]2k = [f2]2k. ✷

3. Disk/band surfaces and Vassiliev invariants of spatial graphs

A graphG is trivalent if the valence of any vertex ofG is equal to 3. A graphG is
planar if there exists an embeddingf0 :G → R

2. A connected, planar graphG is said to
beprime if, for any embeddingf0 :G → R

2, there exist no simple closed curvesC in R
2

satisfying either the following (1) or (2) (cf. [17,6]), whereA, B are the two components
of R

2 −C.

(1) C meetsf0(G) in a single point such that bothA ∩ f0(G) andB ∩ f0(G) are non-
empty.

(2) C meetsf0(G) in two points such that bothA∩ f0(G), B ∩ f0(G) are neither empty
nor single open arcs.

For any connected, planar graphG, we fix a planar embeddingf0 :G → R
2 arbitrarily.

The imagef0(G) has complementary domainsD1,D2, . . . ,Dn that are bounded and one
unboundedD0. The preimageci = f−1

0 (∂Di) is a 1-complex which can be viewed as a
1-cycle inH1(G;Z). We callci (i �= 0), c0 respectively aboundary cycleand theoutermost
cyclein G with respect tof0.

For a spatial embeddingf :G → S3 of a graphG, adisk/band surfaceS of f (G) is a
compact, orientable surface inS3 such thatf (G) is a deformation retract ofS contained
in intS [6].

In [13], Soma, Sugai and the author showed the following theorem.

Theorem 3.1 [13, Theorem 1].Suppose thatG is a connected, planar, prime and trivalent
graph, andf0 :G → R

2 is an embedding. Then, for any embeddingf :G → S3, there
exists the unique disk/band surfaceS of f (G) up to ambient isotopy of which the Seifert
pairings satisfying the following equation.
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〈
f (ci), f (cj )

〉
S

=




−lk
(
f (ci), f (c0)

)−
∑

ci∩ck=∅
lk
(
f (ci), f (ck)

)
if i = j andci ∩ c0 = ∅,

0 if i �= j andci ∩ cj �= ∅,
0 if i = j andci ∩ c0 �= ∅,
lk
(
f (ci), f (cj )

)
if ci ∩ cj = ∅,

whereci , cj , ck are boundary cycles andc0 is the outermost cycle with respect tof0.

We call the disk/band surface above thecanonical disk/band surfacefor f . Note that
the Seifert linking form of the canonical disk/band surface depends only on the linking
numbers of pairs of disjoint cycles. IfG is the θ -curve or the complete graph with 4
vertices, then the canonical disk/band surface is same as thedisk/band surface with zero
Seifert linking formthat is defined in [6]. By the proof of Theorem 1 in [13], we note
that the canonical disk/band surface is given as the image of an embedding of the regular
neighborhoodS0 of f0(G) in R

2. Thus by fixing orientation and label of∂S0, we have
an ordered, oriented link as the image of an embedding of∂S0. From now on, we always
assume that, for each graphG, ∂S0 has fixed orientation and label.

Let (T1, T2) be a local move,t11, . . . , t1n the components ofT1 and t21, . . . , t2n
the components ofT2 with ∂t1i = ∂t2i (i = 1, . . . , n). Let N1i and N2i be regular
neighbourhoods oft1i and t2i in B3 respectively such thatN1i ∩ ∂B3 = N2i ∩ ∂B3 (i =
1, . . . , n) andN1i ∩N1j = N2i ∩N2j = ∅ (1 � i < j � n). Letαi (i = 1, . . . , n) be disjoint
union of properly embeddedli arcs inB2 × [0,1] as illustrated in Fig. 3.1. Letψji :B2 ×
[0,1] → Nji be a homeomorphism withψji(B

2 × {0,1}) = Nji ∩ ∂B3 for j = 1,2, i =
1, . . . , n. Suppose thatψ1i (∂αi) = ψ2i (∂αi) andψ1i (αi) andψ2i (αi) are ambient isotopic
in B3 relative to∂B3. Then we say that a local move(

⋃n
i=1ψ1i (αi),

⋃n
i=1ψ2i (αi)) is a

parallel of (T1, T2) with weight(l1, . . . , ln).

Proposition 3.2. LetG be a connected, planar, prime and trivalent graph. Letfi :G → S3

(i = 1,2) be embeddings andSi the canonical disk/band surface forfi (i = 1,2). If f1
andf2 areCk-equivalent, then∂S1 and∂S2 areCk-equivalent.

LetT1 andT2 be tangles. We say thatT2 is obtained fromT1 by a local move(U1,U2) if
there is an orientation preserving embeddingh :B3 → intB3 such thatSi ∩h(B3) = h(Ui)

for i = 1,2 andT1 − h(B3) = T2 − h(B3). Two tanglesT1 andT2 areCk -equivalentif T2
is obtained fromT1 by a finite sequence ofCk -moves and ambient isotopies relative∂B3.

Lemma 3.3 (cf. [3, Claim on p. 26]).Let (T1, T2) be a parallel of aCk-move. ThenT1 and
T2 areCk-equivalent.

Fig. 3.1.
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Fig. 3.2.

Proof. Let (U1,U2) be aCk-move,u11, . . . , u1k+1 andu21, . . . , u2k+1 the components
of U1 andU2 respectively. Suppose that(T1, T2) is a parallel of(U1,U2) with weight
(l1, . . . , lk+1). We give a proof by induction onl1 × · · · × lk+1. In the case thatl1 × · · · ×
lk+1 = 1, it obviously holds. Supposel1 × · · · × lk+1 � 2. We may supposel1 � 2. By
Lemma 2.1 in [20], we may assume that theCk-move(U1,U2) is as illustrated in Fig. 3.2,
i.e., the arcs except forui1 are contained in the shaded part inUi (i = 1,2). It is not hard to
see thatT2 is obtained fromT1 by l1 local moves that are parallels of(U1,U2) with weight
(1, l2, . . . , lk+1). This completes the proof.✷
Proof of Proposition 3.2. In the casek = 1, it clearly holds. We consider the casek � 2.
It is sufficient to consider the case thatf2 is obtained fromf1 by a singleCk-move. Sup-
pose thatf2 is obtained fromf1 by aCk-move. Then there is an embeddingh :B3 → S3

such that(h−1(f1(θ)), h
−1(f2(θ))) is a Ck-move andf1(θ) − h(B3) = f2(θ) − h(B3)

together with the labels. We may suppose that(h−1(∂S1), h
−1(∂S2)) is a parallel of the

Ck-move(h−1(f1(θ)), h
−1(f2(θ))) with weight(2, . . . ,2). Then we have a new disk/band

surfaceS′
2 for f2 from S1 by the local move(h−1(∂S1), h

−1(∂S2)). SinceCk-move
(n � 2) does not change the linking number, by Theorem 3.1, we have〈f1(ci), f1(cj )〉S1 =
〈f2(ci), f2(cj )〉S2, and since the local move(h−1(∂S1), h

−1(∂S2)) does not change the
Seifert linking form of a disk/band surface, we have〈f1(ci), f1(cj )〉S1 = 〈f2(ci), f2(cj )〉S ′

2
.

So we have〈f2(ci), f2(cj )〉S2 = 〈f2(ci), f2(cj )〉S ′
2
. By Theorem 3.1,S2 is ambient isotopic

to S′
2. Thus∂S2 is obtained from∂S1 by a parallel of aCk-move. Lemma 3.3 completes

the proof. ✷
Let G be a connected, planar, prime and trivalent graph andΓ (G) the set of spatial

graph types. Letv be an invariant of ordered, oriented links that takes values in an abelian
groupA. Then we define a maps :Γ (G) → A ass(f ) = v(∂S), whereS is the canonical
disk/band surface forf . By Theorem 3.1,s is an invariant off . We call s the invariant
induced fromv.

Theorem 3.4. Let G be a connected, planar, prime and trivalent graph andΓ (G) the
set of spatial graph types. Letv be a Vassiliev invariant of type(k1, . . . , kl) for ordered,
oriented links. Then the invariant forΓ (G) induced fromv is a Vassiliev invariant of type
(k1, . . . , kl).

In Theorem 3.4, the case of that a graph is theθ -curve andk1 = · · · = kl = 1 is given by
Stanford [14].
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Fig. 3.3.

By the arguments similar to that in the proof of Lemma 1.4 in [14], we have

Lemma 3.5. Let v be a Vassiliev invariant of type(k1, . . . , kl) for ordered, oriented links
ands the invariant induced fromv. Let{fP | P ⊂ {1, . . . , l}} be a singular spatial graph of
type(k1, . . . , kl). LetLP be the ordered, oriented link that is the boundary of the canonical
disk/band surface forfP (P ⊂ {1, . . . , l}). Suppose there are mutually disjoint embeddings
hij :B3 → S3 (i = 1, . . . , l, j = 1, . . . , ni) such that

(1) L∅ −⋃
i,j hij (B

3) = LP −⋃
i,j hij (B

3) together with orientations and labels of the
components for any subsetP ⊂ {1, . . . , l},

(2) (h−1
ij (L∅), h−1

ij (L{1,...,l})) is aCki -move(i = 1, . . . , l, j = 1, . . . , ni), and

(3) LP ∩ hij
(
B3)=

{
L{1,...,l} ∩ hij (B

3) if i ∈ P ,
L∅ ∩ hij (B

3) otherwise.

Then we have∑
P⊂{1,...,l}

(−1)|P |s(fP ) =
∑

P⊂{1,...,l}
(−1)|P |v(LP ) = 0.

The following lemma follows directly from the proof of Theorem 1 in [13].

Lemma 3.6. Let G be a connected, planar, prime and trivalent graph,f0 :G → R
2 an

embedding, andS0 the regular neighborhood off0(G) in R
2. LetS be a disk/band surface

for an embeddingf such thatS is the image of an embedding ofS0 that is an extension of
f . Then the canonical disk/band surface forf is obtained fromS by a finite sequence of
the moves as illustrated in Fig.3.3.

In the definition of band sum in Section 2, by replacingfi(θ) with Ti (i = 1,2), we can
define thatT2 is aband sumof T1 and link models(α1, β1), . . . , (αl, βl). By the arguments
similar to that in proof of Lemma 3.6 [20], we have the following lemma.

Lemma 3.7. Two tanglesT1 andT2 are Ck-equivalent if and only if there are tanglesT ′
1

andT ′
2 such thatT ′

i is ambient isotopic toTi (i = 1,2) relative∂B3 andT ′
2 is a band sum

of T ′
1 and someCk-link models.

Lemma 3.8. LetT1 andT2 be tangles. IfT2 is obtained fromT1 by a parallel of aCk-move,
then there are tanglesT ′

1, T
′
2 and mutually disjoint, orientation preserving embeddings

hi :B3 → intB3 (i = 1, . . . , n) such that
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(1) T ′
j is ambient isotopic toTj (j = 1,2) relative∂B3,

(2) T ′
1 −⋃

i hi(B
3) = T ′

2 −⋃
i hi (B

3), and
(3) (h−1

i (T ′
1), h

−1
i (T ′

2)) is aCk-move(i = 1, . . . , n).

Proof. By Lemma 3.3,T1 andT2 areCk-equivalent. By Lemma 3.7, there are tanglesT ′
1

andT ′
2 such thatT ′

j is ambient isotopic toTj (j = 1,2) relative∂B3 and thatT ′
2 is a band

sum ofT ′
1 and someCk-link models(α1, β1), . . . , (αn,βn). Since(αi , β̂i) (i = 1, . . . , n)

areCk-moves, we have the conclusion.✷
Proof of Theorem 3.4. Since {fP | P ⊂ {1, . . . , l}} is a singular spatial graph of
type (k1, . . . , kl), by the definition, there are mutually disjoint, orientation preserving
embeddingshi :B3 → S3 (i = 1, . . . , l) such that

(1) f∅(G) − ⋃
i hi (B

3) = fP (G) − ⋃
i hi(B

3) together with the labels for any subset
P ⊂ {1, . . . , l},

(2) (h−1
i (f∅(G)),h−1

i (f{1,...,l}(G))) is aCki -move(i = 1, . . . , l), and

(3) fP (G)∩ hi
(
B3)=

{
f{1,...,l}(G)∩ hi(B

3) if i ∈ P ,
f∅(G)∩ hi(B

3) otherwise.

Let S∅ be the canonical disk/band surface forf∅. By considering the intersections
S∅ ∩ hi(B

3) (i = 1, . . . , l), we find disk/band surfacesSP for fP (P ⊂ {1, . . . , l}) such
that

(1) S∅ −⋃
i hi(B

3) = SP −⋃
i hi (B

3),
(2) (h−1

i (∂S∅), h−1
i (∂S{1,...,l})) is a parallel of aCki -move(i = 1, . . . , l), and

(3) SP ∩ hi
(
B3)=

{
S{1,...,l} ∩ hi(B

3) if i ∈ P ,
S∅ ∩ hi(B

3) otherwise.

By the proof of Proposition 3.2, ifki � 2 for anyi ∈ P , thenSP is the canonical disk/band
surface. Sethi = hi1 (i = 1, . . . , l). By Lemma 3.6, there are mutually disjoint, orientation
preserving embeddingshij :B3 → S3 (i = 1, . . . , l, j = 1, . . . , ni), whereni = 1 if ki � 2,
and the canonical disk/band surfacesS′

P for fP such that

(1) S′
∅ −⋃

i,j hij (B
3) = S′

P −⋃
i,j hij (B

3),

(2) (h−1
ij (∂S′

∅), h
−1
ij (∂S′{1,...,l})) is a parallel ofCki -move(i = 1, . . . , l, j = 1, . . . , ni), and

(3) S′
P ∩ hij

(
B3)=

{
S′{1,...,l} ∩ hij (B

3) if i ∈ P ,

S′
∅ ∩ hij (B

3) otherwise.

By combining this, Lemmas 3.8 and 3.5, we have the conclusion.

Let G be a connected, planar, prime and trivalent graph andE(G) = {e1, . . . , en} the
set of edges ofG. Let Sf be the canonical disk/band surface for a spatial embeddingf of
G, and letSf (x1, . . . , xn;y1, . . . , yn) (xi ∈ Z, yj ∈ {−1,0,1}) be a surface obtained from
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Fig. 3.4.

Sf as illustrated in Fig. 3.4. We note thatSf (x1, . . . , xn;y1, . . . , yn) depends only onSf
and the integersx1, . . . , xn, y1, . . . , yn. This meansSf (x1, . . . , xn;y1, . . . , yn) is the unique
surface forf . Letv be an invariant of ordered, oriented links that takes values in an abelian
groupA. Then we can define an invariant

s(x1,...,xn;y1,...,yn) :Γ (G) → A

as s(x1,...,xn;y1,...,yn)(f ) = v(∂Sf (x1, . . . , xn;y1, . . . , yn)). We call s(x1,...,xn;y1,...,yn) the
invariant induced fromv with respect tox1, . . . , xn, y1, . . . , yn. By the arguments similar
to that in the proofs of Proposition 3.2 and Theorem 3.4, we have the following theorem.

Theorem 3.9. Let G be a connected, planar, prime and trivalent graph andE(G) =
{e1, . . . , en} the set of edges ofG. Then the followings hold.

(1) Letf1 andf2 be spatial graphs andSi(x1, . . . , xn;y1, . . . , yn) the surface obtained
from the canonical disk/band surface forfi (i = 1,2). If f1 andf2 areCk-equivalent, then
∂S1(x1, . . . , xn;y1, . . . , yn) and∂S2(x1, . . . , xn;y1, . . . , yn) areCk-equivalent.

(2) Let v be a Vassiliev invariant of type(k1, . . . , kl) for ordered, oriented links. Then
the invariants(x1,...,xn;y1,...,yn) for spatial embeddings ofG induced fromv is a Vassiliev
invariant of type(k1, . . . , kl).

Proof of Theorem 1.8. Suppose thatGk is abelian. Letf1 andf2 be spatialθ -curves
as illustrated in Fig. 3.5. SinceGk is abelian,g = f1#f1#f2 andh = f1#f2#f1 areCk-
equivalent. Then, by Theorem 1.1(1),

g − h ∈ V(1, . . . ,1︸ ︷︷ ︸
k

).

This means thatg andh cannot be distinguished by any Vassiliev invariant of order� k−1.
Let Sg(1,1,−1;0,0,1) andSh(1,1,−1;0,0,1) be the surfaces obtained from the canon-
ical disk/band surfaces forg andh respectively. By deleting components corresponding
to a cyclee1 ∪ e2 from ∂Sg(1,1,−1;0,0,1) and∂Sh(1,1,−1;0,0,1), we obtain pretzel
knotsKg = P(3,3,−3,−2) andKh = P(3,−3,3,−2) respectively, see Fig. 3.6. Letv
be a Vassiliev invariant for oriented link of order� k − 1. By combining Theorem 3.9(1)
and the fact that aCk -moves preserves Vassiliev invariants of order� k − 1 [3] (or simply
by Theorem 3.9(2)), we havev(∂Sg(1,1,−1;0,0,1))= v(∂Sh(1,1,−1;0,0,1)). Hence
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Fig. 3.5.

Fig. 3.6.

v(Kg) = v(Kh). Let X(3)
K (q, q3)∗ be the quantum invariant of a knotK corresponding to

the representation of the partition(2,1) of the quantum enveloping algebraUq (sl4). (Fuller

details aboutX(3)
K (q, q3)∗ can be seen in [12].) The computer software ‘K2K’ [4], whose

methods of the calculation is based on Murakami’s one [10], gives us

XKg(q
2, q6)∗ −XKh(q

2, q6)∗

XO(q2, q6)∗

= qs(−1+ q)11(1+ q)11(1+ q2)3(1− q + q2)3(1+ q + q2)3
× (

1+ q4)2(1− q2 + q4)(1− q + q2 − q3 + q4 − q5 + q6)2
× (

1+ q + q2 + q3 + q4 + q5 + q6)2(1+ q8)
× (

1− q2 + q4 − q6 + q8 − q10 + q12),
wheres is some integer andO is a trivial knot. Since this is divisible by(1 − q)11 and is
not divisible by(1− q)12, these pretzel knots can be distinguished by a Vassiliev invariant
of order� 11 [1]. Hence we havek < 12. This completes the proof.✷
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Remark. Our arguments in the proof above for distinguishing two mutant knotsKg and
Kh can be found in [11]. In which, Murakami showed that the Conway’s 11-crossing knot
and the Kinoshita–Terasaka knot can be distinguished by a Vassiliev invariant of order 11,
and that any Vassiliev invariant of order� 10 cannot distinguish mutant pairs of knots.
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